
ON THE POLES OF MAXIMAL ORDEROF THE TOPOLOGICAL ZETA FUNCTIONAnn Laeremans and Willem VeysAbstract. The global and local topological zeta functions are singularity invariants asso-ciated to a polynomial f and its germ at 0, respectively. By de�nition these zeta functionsare rational functions in one variable and their poles are negative rational numbers. Inthis paper we study their poles of maximal possible order. When f is non degeneratewith respect to its Newton polyhedron we prove that its local topological zeta functionhas at most one such pole, in which case it is also the largest pole; concerning the globalzeta function we give a similar result. Moreover for any f we show that poles of maximalpossible order are always of the form �1=N with N a positive integer.
Introduction(0.1) To f 2 C [x1 ; . . . ; xn] is associated a singularity invariant, called the topologicalzeta function of f , which is expressed as follows in terms of an embedded resolution off�1f0g � A n . For simplicity of notation suppose that f(0) = 0.Let h : X ! A n be an embedded resolution of f�1f0g. We denote by Ei; i 2 S, theirreducible components of h�1(f�1f0g), and by Ni and �i � 1 the multiplicities of Eiin the divisor on X of f � h and h�(dx1 ^ � � � ^ dxn), respectively. The (Ni; �i); i 2 S,are called the numerical data of the resolution (X; h). For I � T we denote alsoEI := \i2IEi and E�I := EI n (\j =2IEj).De�nition. Let �(�) denote the topological Euler{Poincar�e characteristic. To f andd 2 N n f0g one associates the rational functions in one variableZtop(s) = Z(d)top(s) := XI�S8i2I:djNi �(E�I )Yi2I 1Nis+ �iand Ztop;0(s) = Z(d)top;0(s) := XI�S8i2I:djNi �(E�I \ h�1f0g)Yi2I 1Nis+ �i1991 Mathematics Subject Classi�cation. 14B05 14E15 32S50 (32S45).Key words and phrases. Singularity invariant, topological zeta function.The second author is a Postdoctoral Fellow of the Belgian National Fund for Scienti�c Research(F.W.O.) 1



which are both called the topological zeta function of f , more precisely the global andlocal one, respectively. They are invariants of f and the germ of f at 0, respectively,and were introduced by Denef and Loeser in [DL1]. The remarkable fact that theseexpressions do not depend on the chosen resolution was originally proved by writingthem as a certain limit of Igusa's local zeta functions [DL1]; it also follows by consideringthe topological zeta function as a specialization of the recently introduced motivic Igusazeta functions, see [DL2, (2.3)].(0.2) In particular the poles of the topological zeta function of f are interestinginvariants, and various conjectures relate them to the eigenvalues of local monodromyof f , see for example [DL1, Ve3]. In this paper we study the poles of maximal possibleorder, i.e. of order n. Concerning the local topological zeta function there is thefollowing conjecture of the second author, which he proved for n = 2 in [Ve2, Theorem4.2].Conjecture. (i) Ztop;0(s) has at most one pole of order n, and(ii) if Ztop;0(s) has in ~s a pole of order n, then ~s is the largest pole of Ztop;0(s).Remark that in any case the largest candidate pole of Z(1)top;0(s) is just the so{called logcanonical threshold of f at 0, denoted c0(f), see [K]. We have that �c0(f) is the largestroot of the Bernstein{Sato polynomial of f , and if 0 is an isolated singularity of f�1f0g,then c0(f) = minf1; �fg, where �f is Arnold's complex singularity index [AVG].(0.3) We will prove that the conjecture above is true for polynomials f which arenon degenerate with respect to their Newton polyhedron at the origin. Remark that`almost all' polynomials satisfy this property. And concerning the global topologicalzeta function we obtain the following.Proposition. Let f be non degenerate with respect to its global Newton polyhedron.Then(i) Ztop(s) has at most 2 poles of order n, and(ii) if Ztop;0(s) has in ~s a pole of order n, then ~s = �1 or ~s is the largest pole of Ztop(s).Here we should remark that this last result is speci�c for non degenerate polynomials;it is not true for general f .(0.4) Finally we show that any pole of order n of Ztop;0(s) or Ztop(s) must be ofthe form �1=N with N 2 N n f0g. This is an immediate corollary of the followinggeometrical result.Theorem. We use the notation of (0.1). Suppose that Ei; i 2 I, are n di�erent com-ponents of h�1(f�1f0g), such that \i2IEi 6= ; and �iNi = t for all i 2 I; then t = 1N forsome N 2 N n f0g.
2



1. Formulas for non degenerate polynomials(1.1) Let f 2 C [x1 ; . . . ; xn] be a non{constant polynomial satisfying f(0) = 0. Wewrite f =Pk2Nn akxk, where k = (k1; . . . ; kn) and xk = xk11 � . . . �xknn ; then the supportof f is supp f = fk 2 Nn jak 6= 0g. The global Newton polyhedron �gl of f is the convexhull of supp f , and the Newton polyhedron �0 of f at the origin is the convex hull of�gl + Rn+ . (R+ = fx 2 Rjx � 0g.)1.2. De�nition. One says that f is non degenerate with respect to �gl and �0 if forevery face � of �gl (including � = �gl) and every compact face � of �0, respectively,the polynomials f� := Pk2� akxk and @f�=@xi; 1 � i � n, have no common zeroes in(C n f0g)n.Roughly speaking, almost all polynomials are non degenerate with respect to �gl or �0[AVG, p.157].(1.3) For a = (a1; . . . ; an) 2 Rn+ we put N(a) := infx2�0 a � x, �(a) := Pni=1 ai andF (a) := fx 2 �0ja � x = N(a)g. It is a fact that all F (a); a 6= 0, are faces of �0. Oneassociates to a face � of �0 a (dual) cone �� � Rn , de�ned as the closure in Rn offa 2 Rn+ jF (a) = �g. It is a rational convex cone, with vertex the origin, of dimensionn � dim � . In particular if dim � = n � 1 then �� is a ray, say �� = aR+ for somea 2 Nn , and then the equation of the hyperplane through � is a � x = N(a). Also themap � 7! �� is inclusion{reversing.Finally we recall that faces of dimension n� 1 of �0 are called facets and that everyface � with dim � < n is the intersection of the facets that contain � .(1.4) We will recall below a formula for the topological zeta function when f is nondegenerate. We �rst describe the terms that appear in this formula. Let C be a rationalsimplicial cone in Rn+ (with vertex the origin); so it is of the form C = R+a1+� � �+R+a`,where a1; . . . ; a` 2 Nn are linearly independent over R and are primitive, i.e. withrelatively prime components. We associate to C (and �0) the rational functionJC(s) := mult(C)Qì=1(N(ai)s+ �(ai)) ;where mult(C) 2 N n f0g is the multiplicity of C, whose de�nition is not important forour results, but is given for completeness in 1.8 below.1.5. De�nition. To an arbitrary face � of �0 we associate a rational function J� (s)as follows.(i) If � = �0 we put J� (s) := 1.(ii) Otherwise choose a decomposition �� = [ri=1Ci of �� in rational simplicial conesCi of dimension ` = dim �� such that dim(Ci \ Cj) < ` if i 6= j. Then put J� (s) :=Pri=1 JCi(s).As shown in [DL1, Lemme 5.1.1] the function J� (s) above does not depend on the chosendecomposition of �� and is thus well de�ned, and moreover the poles of J� (s) are of theform ��(a)=N(a), where a is orthogonal to a facet of �0 containing � .3



1.6. Theorem. [DL1, Th�eor�eme 5.3] (i) If f is non degenerate with respect to �0,thenZ(1)top;0(s) = X� vertex of �0 J� (s) + ( ss+ 1) X� compactface of �0;dim ��1 (�1)dim � (dim �)! Vol(�)J� (s)and Z(d)top;0(s) = X� compactface of �0;djN(��) (�1)dim � (dim �)! Vol(�)J� (s) if d > 1;where N(��) := lcda2��\Nn N(a), and where Vol(�) 2 N n f0g is de�ned in 1.8 below.(ii) If f is non degenerate with respect to �gl, then there are analogous formulas forZ(1)top(s) and Z(d)top(s); d > 1, where the summation now runs over all faces of �0.Again we will not need the concrete meaning of Vol(�) for our results.(1.7) Let t0 = minft 2 Rj(t; . . . ; t) 2 �0g and let �0 denote the face of �0 thatcontains (t0; . . . ; t0) in its relative interior. One can verify that s0 := � 1t0 is the largestcandidate{pole of Z(d)top;0(s) or Z(d)top(s), besides �1 when d = 1.(1.8) For the interested reader we recall here the de�nitions of the volume of a faceand the multiplicity of a cone. Let 
 be the convex hull in Rn of a part of Zn. Wedenote by !
 the volume form on A�(
), the a�ne space spanned by 
, such that theparallelepiped spanned by a lattice{basis of Zn\ A�(
) has volume 1.(i) Let � be a face of �0. If dim � = 0 we put Vol(�) := 1; otherwise we de�ne Vol(�)as the volume of � \�gl for the volume form !� . (When � is compact then � \�gl = � .)(ii) Let C be the `{dimensional rational simplicial cone in Rn+ given by C = R+a1+� � �+R+a`, where all ai are primitive. Then mult(C) is the volume of the parallelepipedspanned by a1; . . . ; a` for the volume form !C .2. Determination of the poles of maximal orderStill using the notation of x1, we �rst derive some convex{geometric lemmas.Lemma 2.1. Let V be a vertex of �0 such that JV (s) has in ~s a pole of order n. ThenV = (�1~s ; . . . ;� 1~s ).Proof. We choose a decomposition of the dual cone V � as described in De�nition 1.5,and moreover without introducing new rays. This is always possible [DS, Lemme 2.3].Take a simplicial cone C in this decomposition such that JC(s) has in ~s a pole of ordern, and let �1; . . . ; �n be the primitive generators of C in Nn . By the construction ofthe chosen decomposition we have that F (�1); . . . ; F (�n) are facets of �0 containingV . Since JC(s) has in ~s a pole of order n, we have moreover that ~s = � �(�i)N(�i) for4



i = 1; . . . ; n. Letting Hi denote the a�ne hyperplane through F (�i); 1 � i � n and� = f(t; . . . ; t)jt 2 Rg the diagonal, we thus obtain that Hi \ � = (� 1~s ; . . . ;� 1~s ) fori = 1; . . . ; n. From V = \ni=1F (�i) we then deriveV \� = \ni=1(F (�i) \�) � \ni=1(Hi \�) = f(�1~s ; . . . ;�1~s )g;and so V = (�1~s ; . . . ;� 1~s ). �Lemma 2.2. Let 
 be a 1{dimensional face of �0 such that J
(s) has in �1 a pole oforder n� 1. Then (1; . . . ; 1) is contained in the a�ne line L
 through 
.Proof. As in the proof of Lemma 2.1 we choose a decomposition of 
� as in De�nition1.5 without introducing new rays. Take a cone C in the decomposition such that JC(s)has in �1 a pole of order n � 1, and let �1; . . . ; �n�1 be the primitive generators of Cin Nn . Again F(�1), . . . , F(�n�1) are facets of �0 containing 
, and here �(�i) = N(�i)for i = 1; . . . ; n � 1. Letting Hi denote the a�ne hyperplane through F (�i), we thushave that (1; . . . ; 1) 2 Hi for i = 1; . . . ; n � 1. Since 
 = \n�1i=1 F (�i) and consequentlyL
 = \n�1i=1 Hi we obtain that (1; . . . ; 1) 2 L
 . �Lemma 2.3. Let 
 be a 1{dimensional compact face of �0 such that the a�ne line L
through 
 contains (1; . . . ; 1). Then (1; . . . ; 1) 2 
.Proof. Let V1 and V2 denote the vertices of 
. Let F1; . . . ; Fn�1 be facets of �0 suchthat 
 = \n�1i=1 Fi and let �i 2 Nn+ be such that F (�i) = Fi for i = 1; . . . ; n � 1. Since(1; . . . ; 1) 2 L
 we have that �(�i) = N(�i) for i = 1; . . . ; n� 1. Let now t 2 R be suchthat (1; . . . ; 1) = tV1 + (1� t)V2; it su�ces to prove that 0 � t � 1.We assume that V1 6= (1; . . . ; 1) (the other case being trivial). We will denote thejth coordinate of a 2 Nn by (a)j. Suppose that V1 2 (1; . . . ; 1) + Rn+ ; then thereexists some j in f1; . . . ; ng such that (V1)j > 1. It then follows from V1 2 
 and�(�i) = N(�i) = �i � V1 that (�i)j = 0 for i = 1; . . . ; n � 1. This contradicts thecompactness of 
. Hence V1 =2 (1; . . . ; 1) + Rn+ .Let then j 2 f1; . . . ; ng be such that (V1)j = 0. Then 1 = (1 � t)(V2)j , whichimmediately implies that 0 < 1� t = 1(V2)j � 1. �Remark. As illustrated in Example 2.6, the condition compact in the statement ofLemma 2.3 cannot be omitted. Because of this fact, the proof we will give for Theorem2.4 fails when we replace Ztop;0(s) by Ztop(s).2.4. Theorem. Let f be non degenerate with respect to �0. Then(i) Ztop;0(s) has at most one pole of order n, and(ii) if Ztop;0(s) has in ~s a pole of order n, then ~s is the largest pole of Ztop;0(s).Proof. We will prove (ii) which immediately yields (i). So suppose that Z(d)top;0(s) has in~s a pole of order n; then there is at least one term in the formula of Theorem 1.6 forZ(d)top;0(s) that has in ~s a pole of order n. 5



Suppose �rst that there exists a vertex V of �0 such that JV (s) has in ~s a pole oforder n (and such that djN(V �)). Then by Lemma 2.1 we must have V = (�1~s ; . . . ;� 1~s );so V = �0 and ~s = s0.Suppose on the other hand that there is no such vertex of �0. Then necessarily d = 1and ~s = �1 and there must exist a compact 1{dimensional face 
 of �0 such that J
(s)has in �1 a pole of order n � 1. Then Lemmas 2.2 and 2.3 imply that (1; . . . ; 1) 2 
,and thus �0 � 
 and s0 = �1 = ~s. �So we proved Conjecture 0.2 for non degenerate polynomials. Analogous argumentsyield the following result concerning the global zeta function Ztop(s).2.5. Proposition. Let f be non degenerate with respect to �gl. Then(i) Ztop(s) has at most 2 poles of order n, and(ii) if Ztop;0(s) has in ~s a pole of order n, then ~s = �1 or ~s is the largest pole ofZtop(s).Proof. We only have to prove (ii). Suppose that Z(d)top(s) has in ~s 6= �1 a pole of ordern. Then there is a vertex V of �0 such that JV (s) has in ~s a pole of order n (and suchthat djN(V �)). By Lemma 2.1 we have that V = (� 1~s ; . . . ;� 1~s ) and so V = �0 and~s = s0. �2.6. Example. Take f = x2y2 + x4y + xy4 + xy5 = xy(xy + x3 + y3 + y4). Its Newtonpolyhedron �0 and the diagram of dual cones associated to the faces of �0 are picturedin Figures 1 and 2, respectively. We denoted by V1, V2 and V3 the vertices of �0 and by
12 and 
23 its compact faces. One easily veri�es that f is non degenerate with respectto both �0 and �gl. Theorem 1.6(i) yieldsZ(1)top;0(s) = JV1(s) + JV2(s) + JV3(s)+ ss+ 1�(�1)Vol(
12)J
12(s) + (�1)Vol(
23)J
23(s)�= 2 1(s+ 1)(6s+ 3) + 3(6s+ 3)2 + ss+ 1�2(�1):1: 1(6s+ 3)�= �4s2 + 3s+ 33(s+ 1)(2s+ 1)2 :Alternatively we can construct the minimal embedded resolution of the germ of f�1f0gat 0. It consists of 3 exceptional curves, intersecting as in Figure 3, where the dotscorrespond to intersections of the exceptional divisor with the strict transform of f�1f0g.Since the numerical data of each component of this strict transform are (1; 1) we haveby de�nition thatZ(1)top;0(s) = 2 16s+ 3(�1 + 2 1s+ 1 + 14s+ 2) + 04s+ 2 ;6



yielding (fortunately) the same result. So � 12 is the only pole of order 2 and it isindeed the largest pole. Using Theorem 1.6(ii) or by considering the (global) embeddedresolution of f�1f0g � A 2 one can analogously compute thatZ(1)top(s) = 72s4 + 128s3 + 77s2 + 21s+ 33(s+ 1)2(2s+ 1)2 ;which con�rms Proposition 2.5.2.7. Remark. Proposition 2.5 however is speci�c for non degenerate polynomials; itis not true for arbitrary f . One can easily construct counterexamples where f is notreduced, e.g. f = xy(x� 1)2(y � 1)2(x � 2)3(y � 2)3 with double poles for Z(1)top(s) at�1, � 12 and � 13 . An irreducible counterexample derived from it with the same doublepoles is f = xy(x� 1)2(y � 1)2(x� 2)3(y � 2)3 + (x� y)7. ???3. Poles of maximal order are of the form �1=N(3.1) From the proofs in the previous section it was already clear that when f is nondegenerate with respect to its Newton polyhedron, then a pole of order n of Ztop;0(s)or Ztop(s) must be of the form �1=N with N 2 N n f0g. We will prove this in general.We now reconsider the de�ning expression of the topological zeta function in (0.1)in terms of the embedded resolution (X; h). It is obvious that if ~s is a pole of order nof Ztop;0(s) or Ztop(s), then there exist n di�erent Ei; i 2 I � S, such that \i2IEi 6= ;and ~s = ��i=Ni for all i 2 I. The following result treats this situation in a slightlymore general setting.3.2. Theorem. Let D =PiNiDi be an e�ective divisor on a nonsingular variety Y ofdimension n. Take an embedded resolution h : X ! Y of D in the sense of Hironaka'sMain Theorem II [H, page 142], and let Ei; i 2 S, be the irreducible components ofh�1(suppD). Denote h�D =Pi2S NiEi and KX =Pi2S(�i � 1)Ei + h�KY . Supposethat there exist n di�erent Ei; i 2 I � S, such that \i2IEi 6= ; and �i=Ni = t for alli 2 I; then t = 1=N for some N 2 N n f0g.Proof. If at least one Ei; i 2 I, is an irreducible component of the strict transform ofD, then clearly t = 1=Ni. So from now on we suppose that all Ei; i 2 I, are exceptionalvarieties.At a certain step of the resolution process h one of the Ei; i 2 I, is created as theexceptional variety of a blowing{up and the other ones are strict transforms of previouslycreated exceptional varieties. We now consider the following situation (�) of which this`step' is a special case.
(�) Let � : X1 ! X0 be a blowing{up of h with centre C0 of codimension d � 2 inX0 and exceptional variety E1 � X1. Suppose that(i) there exists a point P 2 E1 belonging to n di�erent exceptional varieties ofh, say P 2 E1 \ ~E2 \ � � � \ ~En, where ~Ej is the strict transform of Ej � X0 forj = 2; . . . ; n; and(ii) �1N1+a1 = �2N2+a2 = � � � = �nNn+an = t, where the ai 2 Z (and such that allNi + ai 6= 0). 7



We claim that we may suppose (after renumbering) that E2; . . . ; Ed � C0 and Ed+1;. . . ; En 6� C0. Indeed since C0 has normal crossings with [ǹ=2E` we can take localparameters y1; . . . ; yn at Q = �(P ) such that C0 is given locally at Q by y1 = � � � =yd = 0 and the E`; 2 � ` � d, by some yj = 0. Certainly at most d of the E` can containC0, but since P 2 ~E` for all ` in fact at most d � 1 of them can satisfy E` � C0. Onthe other hand it is also clear that at most n� d of the E` can satisfy E` 6� C0. Thisproves the claim.So we are left with two possibilities :(1) no other exceptional variety of h contains C0, or (say)(2) also En+1 � C0.We will show that then(1') t = 1=N for some N 2 N n f0g, and(2') t = �n+1Nn+1+an+1 for some an+1 2 Z,respectively. Recall the well{known (and easily derived) equalitiesN1 = dXi=2Ni + � < +Nn+1 > and �1 = dXi=2(�i � 1) + d < +�n+1 � 1 >;where � is the multiplicity of the generic point of C0 on the strict transform of D onX0, and in case (1) and (2) the terms within brackets do not and do occur, respectively.So t = �1N1 + a1 = Pdi=2 �i + 1 < +�n+1 � 1 >Pdi=2(Ni + ai) + (�+ a1 �Pdi=2 ai) < +Nn+1 >;which implies by the trivial Lemma 3.3 below thatt = 1 < +�n+1 � 1 >�+ a1 �Pdi=2 ai < +Nn+1 >:This is what we claimed in (1') and (2').Now we can prove the theorem by consecutive applications of our study of the situ-ation (�). Start with the blowing{up of h where \i2IEi is created. In case (1) we aredone. In case (2) we obtain (using the notation above) Q 2 \n+1j=2Ej which induces by(2') a new situation (�). We can now repeat the same arguments untill, by �niteness ofthe resolution, we encounter a case (1). �3.3. Lemma. Let k � 2 and take bi; ci 2 N n f0g for i = 1; . . . ; k + 1. If b1c1 = � � � = bkckand b1c1 = b2+���+bk+bk+1c2+���+ck+ck+1 , then b1c1 = bk+1ck+1 .3.4. Corollary. Any pole of order n of Ztop;0(s) or Ztop(s) is of the form �1=N withN 2 N n f0g.3.5. Remark. Theorem 3.2 also implies that any (complex) pole of order n of Igusa'slocal zeta function, associated to a polynomial in n variables over a p{adic �eld, hasreal part �1=N with N 2 N n f0g. See for example [I,D] for this concept. An analogousresult follows for the motivic Igusa zeta functions of [DL2] when one de�nes in a naturalway a pole and its order for these zeta functions.8
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