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Introduction and overview

(0.1) Let f(x) be a polynomial over Z in the variables x1, . . . , xn. For any m ∈ N \ {0}
we want to study the number of solutions (in Z/mZ) of the congruence f(x) ≡ 0 mod m.
Thanks to the Chinese Remainder Theorem this problem is reduced to the case that m is
a prime power.

So fix a prime number p and denote by Ni the number of solutions (in Z/piZ) of f(x) ≡ 0
mod pi. Classically these numbers define the Poincaré series

P (T ) :=

∞
∑

i=0

Ni (p
−nT )i .

Igusa [I1] proved that this formal power series in T is in fact a rational function. So in
particular the Ni, i ∈ N, are determined by a finite number of data!

(0.2) In fact this result is obtained by expressing P (T ) as the following integral over the
p–adic integers. Let | · | denote the standard absolute value on the field Qp of p–adic
numbers and |dx| the Haar measure on Qn

p , normalized such that Zn
p has measure 1. Then

Z(s) = Zp(s, f) :=

∫

Zn
p

|f(x)|s |dx|

is defined for s ∈ C with ℜ(s) > 0 and can be meromorphically continued to C; it is now
called Igusa’s local zeta function of f . Igusa proved that it is a rational function of p−s

using the geometrical technique of resolution of singularities. (The exact relation between
Z(s) and P (T ) is Z(s) = (1− ps)P (p−s) + ps; therefore this implies that P (T ) is rational
in T .)

The author is a senior research assistant of the Belgian National Fund for Scientific Research (F.W.O.)
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(0.3) We now concentrate on the study of the poles of Igusa’s local zeta function of f .
The knowledge of these poles is important in several ways. First the poles of Z(s) deter-
mine the poles of P (T ), which in turn describe the behaviour of the numbers Ni when
i ≫ 0. Moreover the poles of Z(s) occur in two remarkable conjectures relating arith-
metical properties of the polynomial f to geometrical properties of f (considered as a
polynomial over C).

Before stating these conjectures we generalize the definition of Z(s) as follows. Let
κ : Z×

p → C× be a (multiplicative) character of Z×
p , the group of units of Zp. To f and κ

one associates Igusa’s local zeta function Z(s), which is the meromorphic continuation to
C of

Z(s) = Zp(s, f,κ) :=

∫

Zn
p

κ(ac f(x)) |f(x)|s |dx|

for ℜ(s) > 0. (It is still rational in p−s.) Here for z ∈ Qp we denote by ac z = |z|z
its angular component. In §5 we will introduce Igusa’s local zeta function in a still more
general context; see [D3] for an overview on this subject.

In the sequel ‘almost all’ means ‘all except a finite number’.

Monodromy Conjecture[Igusa]. For almost all p we have that if s0 is a pole of Z(s),
then e2πiℜ(s0) is an eigenvalue of the local monodromy of f at some complex point of
f−1{0}.

Holomorphy Conjecture[Denef]. For almost all p we have that if the order of κ does
not divide the order (as root of unity) of any eigenvalue of the local monodromy of f at
any complex point of f−1{0}, then Z(s) is holomorphic on C.

It is clear that poles of Z(s) reflect arithmetical properties of f , while local monodromy
[Mi] is a geometrical invariant of f , more precisely in the context of differential topology.
We will recall this notion in §5.

(0.4) An important tool to study Z(s) and especially its poles is embedded resolution of
singularities of f−1{0}, considered as an algebraic set in affine space An. Such a resolution
provides in a natural way a complete list of candidate poles.

Fix an embedded resolution (with normal crossings) h : X → An of f−1{0} (see §1).
We denote by Ei, i ∈ S, the (reduced) irreducible components of h−1(f−1{0}), and by Ni

and νi−1 the multiplicities of Ei in the divisor of respectively f ◦h and h∗(dx1∧· · ·∧dxn)
on X. The (Ni, νi) are called the numerical data of the resolution (X,h).

These numerical data appear in fact very naturally in this context. The idea is to
compute the defining integral of Z(s) on X instead of An, exploiting the normal crossings–
property. Roughly we can find in a neighbourhood of any point P ∈ X ‘local coordinates’
y1, . . . , yn such that any Ei passing through P is locally described by the vanishing of
one coordinate, say yi, and then locally f ◦ h =

∏

i∈I y
Ni
i and h∗(dx1 ∧ · · · ∧ dxn) =

∏

i∈I y
νi−1
i dy1 ∧ · · · ∧ dyn, where P belongs exactly to Ei, i ∈ I. This observation is the

starting point of the theorem below.
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Denote also
◦
Ei := Ei \ ∪j 6=iEj for i ∈ S and more generally

◦
EI := (∩i∈IEi) \ ∪j /∈IEj

for I ⊂ S.

Theorem[I1,D2]. Let d denote the order of the character κ.
(i) The real poles of Z(s) are part of the set {− νi

Ni
| i ∈ S and d|Ni}.

(ii) Suppose that κ is trivial on 1 + pZp (this is the relevant case). Then for almost all p
we have that

Z(s) = p−n
∑

I⊂S
∀i∈I:d|Ni

cκI
∏

i∈I

p− 1

pνi+sNi − 1

where the cκI are constants (depending on p), and in particular cκI = 0 if
◦
EI = ∅ (see 5.5).

Now it is striking that in concrete examples ‘most’ candidate poles are actually bad.
This fact is strongly related to the monodromy conjecture, see (5.12). Roughly if the
monodromy conjecture is true one expects that ‘in general’ an exceptional variety Ei does

not contribute to the poles of Z(s) if χ(
◦
Ei) = 0. Here χ(·) denotes the (complex) Euler–

Poincaré characteristic. Now again in concrete examples it appears that χ(
◦
Ei) = 0 for

‘most’ exceptional varieties Ei; this experimental fact can be explained for curves (n = 2)
but is still somewhat mysterious in general.

(0.5) The general pattern of the work we present in this summary is to prove new geo-
metrical results concerning embedded resolution, especially with respect to its numerical
data and the intersection configuration of the Ei, i ∈ S, and to apply these results on the
study of Igusa’s local zeta function. More precisely we will treat here mainly the following
different aspects.

(1) Relations and congruences between numerical data.
(2) Euler–Poincaré characteristics of clusters of exceptional varieties.
(3) Embedded resolution graph for curves.

Relations and congruences between numerical data.

(0.6) Fix an exceptional variety Ej with d|Nj . Considering the formula for Z(s) in (0.4) it
is clear that the knowledge of relations between the numerical data of Ej and of the other
Ei, i ∈ S, that intersect Ej would be very useful to make conclusions about the residue of
the candidate pole − νj

Nj
. For instance in the general case that all νi

Ni
, i 6= j, are different

from
νj

Nj
this residue is (up to a nonzero constant factor)

∑

j∈I⊂S
∀i∈I:d|Ni

cκI
∏

i∈I\{j}

p− 1

p
νi−

νj
Nj

Ni − 1
.

We denote therefore αi := νi −
νj

Nj
Ni for i ∈ S such that Ei intersects Ej .
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(0.7) Let now n = 2. Since the exceptional curve Ej is isomorphic to the projective line P1

and χ(P1(C)) = 2 we have that χ(
◦
Ej) = 0 if and only if Ej intersects exactly twice other

components, say E1 and E2. In this case we thus expect that the residue R of − νj

Nj
for

Z(s) is zero. Now from the description of the constants cκI (Theorem 5.5 and subsequent
remarks) it is not difficult to verify that R = 0 if α1 + α2 = 0 and N1 +N2 ≡ 0 mod Nj .
(For example if κ is the trivial character then either all relevant cκI are zero or cκ{j} = p−1

and cκ{1,j} = cκ{2,j} = 1; in the last case we have immediately that R = 0 if α1 + α2 = 0.)

Now by consecutive results of Strauss [St], Meuser [Me1], Igusa [I3] and Loeser [Lo1]
both this relation and congruence between numerical data are known to be true! Even
more generally, let Ej intersect k times other components E1, . . . , Ek; then

(∗)
k

∑

i=1

(αi − 1) + 2 = 0 and

k
∑

i=1

Ni ≡ 0 mod Nj .

(0.8) Taking the resolution (X,h) as a composition of blowing–ups (see §1) we developed
a very general theory of relations and congruences between numerical data for any n and
arbitrary polynomials f generalizing (∗). Now already for surfaces (n = 3) the geomet-
rical picture is a lot more complicated, see §1. For example an exceptional surface Ej is
isomorphic to P2 or a ruled surface, blown–up in a finite number of points. We associate
to a fixed Ej a finite number of relations and congruences, which are all relevant in the
applications.

For those applications we concentrate on Zp(s, f) and we suppose now for simplicity that
(X,h) is constructed entirely over Q. Fix an exceptional Ej such that νi

Ni
6= νj

Nj
for all other

Ei which intersect Ej . Suppose for example that Ej
∼= P2. Although the complement of a

‘generic’ configuration of curves on P2 has strictly positive Euler–Poincaré characteristic,
there appear to be a lot of (essentially different) exotic intersection configurations on Ej

such that χ(
◦
Ej) = 0.
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Example. We use homogeneous coordinates x, y, z on P2. Let the (irreducible components
of) intersections of Ej

∼= P2 with other components Ei, i ∈ S, consist of the curves

(1) C0 : ykz = xk+1 where k > 2, C : y = 0, C ′ : z = 0, C ′′ : x = 0 (Figure 0.1), or
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(2) C0 :
∏s

i=1(y − aix)
mi = xk+1, where s > 1, mi > 1 for i = 1, . . . , s and

k =
∑s

i=1mi (> 2), Ci : y = aix (1 6 i 6 s), C ′
j : y = bjx (j 6 j 6 t),

where t > 0 and the numbers ai and bj are all different (Figure 0.2).

(0.9) We proved for a lot of such configurations that the corresponding residue for Zp(s, f)
is zero (for almost all p). In particular for n = 3 we classified all ‘low multiplicity’ cases
and then obtained by case distinction :

Theorem. If χ(
◦
Ej) = 0 and Ej is created in the resolution process by blowing–up a

point of multiplicity at most 4 (on the strict transform of f−1{0}), then for almost all p
the residue of − νj

Nj
for Zp(s, f) is zero.

We also treated for n = 3 almost completely the exceptional surfaces that are created
at the stage of the resolution process when the strict transform of f−1{0} is already
nonsingular, and those created by blowing–up a projective curve of strictly positive genus.
There are also results in arbitrary dimension.

Euler–Poincaré characteristics of clusters of exceptional varieties.

(0.10) Fix d ∈ N, d > 1. Looking at the formula in (0.4) it is natural to study maximal
connected subsets ∪i∈TEi of ∪i∈SEi with respect to the property that d|Ni for all i ∈ T .
Fix such a subset ∪i∈TEi and assume for simplicity of the exposition that f is reduced
and f(0) = 0.

Theorem. If ∪i∈TEi ⊂ h
−1{0} then (−1)n

∑

i∈T χ(
◦
Ei) 6 0.

This generalizes conceptually in any dimension the following well–known fact for curves.
Let ki denote the number of intersection points of the exceptional curve Ei with other
Ej , j ∈ S. Then any E0 with k0 = 1 is connected by a (necessarily unique) chain of curves
E1, . . . , Er−1 with k1 = · · · = kr−1 = 2 to a curve Er with kr > 3, and moreover N0|Ni

for i = 1, . . . , r. (Remember that χ(
◦
Ei) = 2− ki.)

(0.11) The condition on d in the following somewhat surprising vanishing results is moti-
vated by the holomorphy conjecture.

Proposition. Suppose that d does not divide the order (as root of unity) of any eigenvalue
of the local monodromy of f at 0(∈ An). If all Ni, i ∈ T, are mutually different, then

χ(
◦
Ei) = 0 for all i ∈ T .

Under a certain extra ‘affineness’ condition this last result will moreover imply that

χ(
◦
EI) = 0 for all ∅ 6= I ⊂ T !

(0.12) Moreover we proved these results simultaneously in any characteristic, which is
crucial in the following application, yielding confirmation for the holomorphy conjecture.

5



Theorem. Suppose that d does not divide the order of any eigenvalue of the local mon-
odromy of f at 0. If all Ni, i ∈ T, are mutually different and under a certain ‘affineness’
condition (3.6), then for almost all p and any character κ of order d we have that ∪i∈TEi

does not contribute to Zp(s, f,κ); i.e.

∑

∅6=I⊂T

cκI
∏

i∈I

p− 1

pνi+sNi − 1
= 0 ,

where the cκI are as in 5.5.

Embedded resolution graph for curves.

(0.13) Let now n = 2 . It is well known that the (dual) resolution graph of a singular
point of f is a tree. (In such a graph one associates to each exceptional curve and to each
analytically irreducible component of the strict transform of f−1{0} a vertex and to each
intersection between components an edge, connecting the corresponding vertices.)

Now associating to each vertex Ei the ratio νi

Ni
we made this tree ‘ordered’ in the

following sense.

Theorem. The Ej , j ∈ S, for which
νj

Nj
= mini∈S

νi

Ni
, together with their edges, form a

connected partM of the tree (in fact a chain); and starting from an end vertex ofM, the
numbers νi

Ni
strictly increase along any path in the tree (away fromM).

This new geometrical result is very useful to determine all poles of Igusa’s local zeta func-
tion for curves and of the topological zeta function for curves; we define this notion below.
Moreover when (X,h) is the minimal embedded resolution of f , then any exceptional curve

Ej with χ(
◦
Ej) < 0 induces an eigenvalue e

2πi
Nj of the local monodromy of f . We proved

the holomorphy conjecture for curves with this result as a crucial ingredient.

(0.14) We also obtained a new formula for both zeta functions for curves in terms of the so–
called log canonical model of f−1{0} ⊂ A2 (see §8). Important here is that ‘bad’ candidate
poles do not appear in the formula.

(0.15) Finally we introduce the related topological zeta function. Taking heuristically the
limit for p→ 1 in the formula in (0.4) yields

(∗∗)
∑

I⊂S
∀i∈I:d|Ni

χ(
◦
EI)

∏

i∈I

1

νi + sNi

(see the cohomological interpretation of the cκI in 5.5).

Denef and Loeser [DL] define the topological zeta function Z
(d)
top(s, f) associated to

f ∈ C[x1, . . . , xn] and d ∈ N\{0} as the rational function (∗∗) in the variable s. They prove
that this defining formula does not depend on the chosen resolution (X,h) by expressing
it in an exact way as a limit of Igusa’s local zeta functions.
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One can also state the monodromy and holomorphy conjecture for Z
(d)
top(s, f), and all

our vanishing results about poles of Igusa’s local zeta function will also be valid for the
topological zeta function, the latter result being a consequence of or easier then the first.
Concerning the complete determination of all poles both zeta functions can behave differ-
ently.

(0.16) The plan of the exposition is as follows. In the first part we recall the notion of
embedded resolution (§1) and we describe our new geometrical results in §§2–4. The second
part treats the applications on Igusa’s local zeta function and the topological zeta function.
In §5 we describe these zeta functions and recall the notion of monodromy, appearing in
the main conjectures; then in §§6–8 we outline applications of the geometrical results on
the zeta functions.

Our aim is to make the exposition understandable for nonspecialists; technical details
appear only in some sketches of proofs.
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3. Euler–Poincaré characteristics of clusters of exceptional varieties . . . . . . . . . . . . . . . . . . .16

4. Embedded resolution graph for curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .20

Part II : Applications on the poles of Igusa’s local zeta function.

5. Igusa’s local zeta function and the topological zeta function . . . . . . . . . . . . . . . . . . . . . . . 24

6. Vanishing of candidate poles and the monodromy conjecture . . . . . . . . . . . . . . . . . . . . . . 27

7. On the holomorphy conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

8. Determination of all poles and a new formula for curves . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

1. Embedded resolution

(1.1) Let k be an algebraically closed field and let f ∈ k[x1, . . . , xn]. Let Y = f−1{0}
denote the zero set of f in affine space An. We exclude the trivial case f ∈ k, so Y is a
hypersurface in An.

Definition. An embedded resolution (X,h) for Y ⊂ An consists of a nonsingular variety
X and a proper birational morphism h : X → An such that the restriction h|X\h−1Y is an

isomorphism and h−1Y has normal crossings inX. In particular its irreducible components
are nonsingular hypersurfaces.

A reduced hypersurface E of X is said to have normal crossings if for all x ∈ X there
exists a regular system of parameters t1, . . . , tn in the local ring OX,x of X at x such that
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the ideal in OX,x of each irreducible component of E containing x is generated by one of
the ti. (Analytically one can think of E being locally a union of coordinate hyperplanes.)
Also E is said to have normal crossings with a (necessarily smooth) subvariety D of X if
for all x ∈ D the ideal of D in OX,x is generated by some of the ti.

In prime characteristic Spivakovsky recently claimed the existence of an embedded res-
olution. In characteristic zero it was constructed by Hironaka [Hi] as a finite composition
of blowing–ups. We briefly recall some important properties of this notion.

(1.2) Let g : Z̃ −→ Z be the blowing–up (or monoidal transformation) of the variety Z
with center the closed subset D of Z, and denote by E the (reduced) exceptional divisor

g−1D, which is everywhere of codimension one on Z̃. We have that the restriction g|Z̃\E :

Z̃ \ E −→ Z \D is an isomorphism. For any subvariety V of Z the closure of g−1(V \D)

in Z̃ is called the strict transform of V by g.
We suppose from now on that Z and D are nonsingular varieties; then the same is

true for Z̃ and E, and E has the structure of a projective bundle over D. This means
that there is a projection map Π : E → D such that D is covered by opens U for which
Π−1U ∼= U × Pk−1, where k = codim(D,Z). In particular if D is a point then E ∼= Pn−1,
and if codim(D,Z) = 1 then g is an isomorphism.

(1.3) Hironaka [Hi] constructed a resolution (X,h) as a suitable composition of blowing–ups

An = X0
g1
←− X1

g2
←− . . . Xi

gi+1

←−−− Xi+1 . . .
gr−1

←−−− Xr−1
gr
←− Xr = X

with irreducible nonsingular center Di ⊂ Xi, 0 6 i 6 r − 1, such that codim(Di, Xi) > 2.
Set Y (0) = Y and denote by Y (i) ⊂ Xi the strict transform of Y (i−1) ⊂ Xi−1 by gi.

Then moreover

(1) Di ⊂ Y
(i),

(2) the multiplicity on Y (i) of all x ∈ Di equals the maximal occurring multiplicity on
Y (i), and

(3) the reduced hypersurface, consisting of the (repeated) strict transforms in Xi of
the exceptional varieties of g1, . . . , gi, has normal crossings with Di.

Finally h−1Y = (gr ◦ · · · ◦ g1)
−1(Y ) has thus normal crossings in X; its irreducible com-

ponents are the (repeated) strict transforms of the exceptional varieties of g1, . . . , gr and
of the irreducible components of Y .

(1.4) Let now E ⊂ Xi denote the exceptional variety of gi and Ẽ ⊂ Xi+1 its strict transform
by gi+1. Since E has normal crossings with Di we have the following important fact (see
e.g. [GH, page 605] for the first claim; the second is not difficult to verify).

Proposition. The restriction gi+1 |Ẽ : Ẽ −→ E is the blowing–up of E with (nonsingular)

center Di ∩ E. Moreover the exceptional divisor of gi+1 |Ẽ is the intersection of Ẽ with
the exceptional divisor of gi+1.

Note that Di ∩ E can eventually be reducible. The total blow–up of E with center
Di ∩E can then be considered as the result of consecutive blowing–ups of E with centers
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the irreducible components of Di ∩ E. (Because E has normal crossings with Di these
centers are disjoint.)

So in general the (repeated) strict transform of E in X is not isomorphic to E, but is
obtained from E by a sequence of blowing–ups with nonsingular center. For n = 2 this
phenomenon does not appear; we have that E ∼= P1 and consequently also Ẽ ∼= P1, being
the blowing–up of E with center the point Di. Finally the strict transform of E in X is
still isomorphic to P1.

Already for n = 3 the general situation occurs. If Di−1 is a point then E ∼= P2, and if

Di−1 is a curve then E is a projective bundle Π : E → Di−1 (thus a ruled surface). But Ẽ
and finally also the strict transform of E in X are in general isomorphic to E, blown–up
in a finite number of points.

(1.5) Finally for any embedded resolution (X,h) we introduce its numerical data. Let
Ei, i ∈ S, be the irreducible components of h−1Y = h−1(f−1{0}). Using the same ter-
minology as above those Ei which map birationally onto their image by h are called the
irreducible components of the strict transform of f−1{0}, and the other ones exceptional
varieties.

For each i ∈ S the numbers Ni and νi − 1 denote the multiplicity of Ei in the divisor
of respectively f ◦ h and h∗(dx1 ∧ · · · ∧ dxn) on X; alternatively the divisor of f ◦ h is
∑

i∈S NiEi and the canonical divisor on X is
∑

i∈S(νi − 1)Ei. The (Ni, νi), i ∈ S, are
called the numerical data of (X,h). We have Ni, νi ∈ N0; the irreducible components of
the strict transform of f−1{0} have νi = 1 and if f is reduced also Ni = 1.

2. Relations and congruences between numerical data

(2.1) Let k be an algebraically closed field of characteristic zero and f ∈ k[x1, . . . , xn]. We
fix an embedded resolution (X,h) of f−1{0}, constructed as a composition of blowing–ups
as in §1, and we use the notations of (1.5).

(2.2) We first describe the previously known results for curves (n = 2). Fix an excep-
tional curve E in X intersecting k times other components E1, . . . , Ek. Then we have the
congruences

(i)

k
∑

i=1

Ni ≡ 0 mod N and

k
∑

i=1

(νi − 1) + 2 ≡ 0 mod ν .

Moreover we can describe both quotients (
∑k

i=1Ni)/N and (
∑k

i=1(νi− 1)+ 2)/ν as 1+ ρ,
where ρ is the number of times that a point of E occurs as center of some blowing–up
during the resolution process (after E is created). If for i = 1, . . . , k we set αi := νi−

ν
NNi,

then clearly we can derive the relation

(ii)
k

∑

i=1

(αi − 1) + 2 = 0 .
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These results were first obtained for analytically irreducible f in which case only k = 1, 2
or 3 occurs. The cases k = 1 and k = 2 were obtained by Strauss [St, Theorem 1] and
Meuser [Me1, Lemma 1], and the case k = 3 by Igusa [I3, Lemma 2], all through compli-
cated computations. Loeser [Lo1, Lemme II.2] finally proved the general congruences for
arbitrary f . In (2.11) we will give a very simple conceptual proof.

(2.3) From now on we fix an exceptional variety E inX. Generalizing (2.2) we will associate
to E a finite number of congruences and relations between the numerical data of E and
the Ei, i ∈ S, that intersect E. Therefore we will need the ‘historical evolution’ of E from
its creation E0 as new exceptional variety (by some blowing–up in the decomposition of
h) till its final form in X, i.e. the strict transform of E0 in X by the next blowing–ups of
h. The fact that there is no significant evolution for n = 2 (indeed E ∼= E0 ∼= P1) explains
why there is just one relation in this case.

It is also important to notice that when E 6∼= E0 there will be more intersections on E
with other Ei, i ∈ S, then intersections on E0 with other occurring components at that
stage of the resolution process. Indeed, following (1.4), each time E really ‘changes’ we
have a new intersection.

There are Basic congruences and relations (B1 and B2) associated to the creation of E
in the resolution process, generalizing (i) and (ii). And there are Additional congruences
and relations (A) associated to each blowing–up of the resolution that ‘changes’ E.

We will describe only the N–congruences and the relations; those are relevant for the
applications. The ν–congruences can easily be derived from them.

(2.4) We fix notations for more precise statements. By (1.4) the variety E in X is in fact
obtained by a finite succession of blowing–ups

E0 π1←− E1 π2←− . . . Ei−1 πi←− Ei . . .
πm−1

←−−− Em−1 πm←−− Em = E

with irreducible nonsingular center Di−1 ⊂ Ei−1 (with codim(Di−1, E
i−1) > 2) and ex-

ceptional variety Ci ⊂ E
i for i = 1, . . . ,m. The variety E0 is created at some stage of the

global resolution process as the exceptional variety of a blowing–up with center D and is
isomorphic to a projective bundle Π : E0 → D.

For i = 1, . . . ,m and for any variety V ⊂ Ej , 0 6 j < i, let the repeated strict transform
of V in Ei (by πi ◦ · · · ◦ πj+1) be denoted by V (i). There are two kinds of intersections
of E with other components of h−1(f−1{0}). We have the repeated strict transforms

C
(m)
1 , . . . , C

(m)
m in E of the exceptional varieties C1, . . . , Cm; and furthermore we have the

repeated strict transforms C
(m)
i in E of varieties Ci, i ∈ T , (of codimension one) in E0.

Those last varieties are the intersections of E0 with previously created exceptional
varieties in the global resolution process or with the strict transform of f−1{0} (at the
stage where E0 is created). Remark that {1, . . . ,m} ∩ T = ∅.

Since ∪i∈SEi has normal crossings in X the following is not difficult to verify. For each

i ∈ T ∪ {1, . . . ,m} the variety C
(m)
i is (an irreducible component of) the intersection of

E with exactly one other component of h−1(f−1{0}). Let this component have numerical
data (Ni, νi) and set αi := νi −

ν
NNi.

10



(2.5) To each πi we can associate an Additional congruence and relation, expressing re-
spectively Ni and αi linearly in terms of the ‘previous’ Nk and αk.

Theorem. Using the notations of (2.4) we have for each i ∈ {0, . . . ,m− 1} that

Ni+1 ≡
∑

k∈T∪{1,...,i}

µkNk mod N (congruence A),

αi+1 =
∑

k∈T∪{1,...,i}

µk(αk − 1) + d (relation A),

where µk, k ∈ T ∪ {1, . . . , i}, is the multiplicity of the generic point of Di on C
(i)
k and

d = codim(Di, E
i).

For example when E is a surface (n = 3) then Di is necessarily a point, µk is just the

multiplicity of Di on the curve C
(i)
k , and we have always d = 2.

(2.6) The Basic congruences and relations are linear expressions in respectively the Ni and
αi, i ∈ T . As an introduction we first state them in the easiest case when E0 ∼= Pn−1.
Then we have

∑

i∈T

diNi ≡ 0 mod N (congruence B1),

∑

i∈T

di(αi − 1) + n = 0 (relation B1),

where di, i ∈ T, is the degree of the hypersurface Ci in E
0 ∼= Pn−1. In particular for n = 2

we recover (2.2) since all Ci are points and thus di = 1 for i ∈ T .

(2.7) Before stating the general case we recall some aspects of the structure map
Π : E0 → D that makes E0 into a projective bundle. Set k = n − dimD. We have that
PicE0 = Π∗ PicD⊕ZC where moreover Π∗ is injective, and C is the divisor corresponding
to the invertible sheaf O(1) on E0. (Over an open U ⊂ D where Π−1U ∼= Pk−1 × U we
can view C as H × U , where H is a hyperplane in Pk−1.)

So for any i ∈ T we can write Ci in PicE0 as Ci = Π∗Bi + diC, where Bi ∈ PicD and
di ∈ N. The number di is the degree of the intersection cycle Ci ·F on F , where F ∼= Pk−1

is a general fibre of Π over a point of D. (When E0 is isomorphic to Pn−1 then di is just
the degree of Ci.) In particular di = 0 if and only if Ci = Π−1Bi for some prime divisor
Bi in D. For simplicity we will call di the degree of Ci. When the fibre of Π is P1 any Ci

of degree 1 is just a copy of D and is called a section of E0. (For n = 3 such a Ci is just a
section in the usual sense of the ruled surface E0.)

Remark finally that the kth self–intersection cycle Ck
i of Ci in E0 has dimension one

less than dimD (if it is nonzero), so Π∗(C
k
i ) is a divisor in D whenever di 6= 0.

11



2.8. Theorem. Using the notations of (2.4) we have

∑

i∈T

diNi ≡ 0 mod N (congruence B1),

∑

i∈T

di(αi − 1) + k = 0 (relation B1),

where k = n− dimD and di is the degree of Ci. We also have

∑

i∈T
di 6=0

Ni
Π∗(C

k
i )

dk−1
i

+ k
∑

i∈T
di=0

NiBi = 0 (congruence B2)

in PicD/N PicD and

∑

i∈T
di 6=0

1

kdk−1
i

(αi − 1)Π∗(C
k
i ) +

∑

i∈T
di=0

(αi − 1)Bi = KD (relation B2)

in PicD ⊗Q, where Ci = Π∗Bi when di = 0, and KD is the canonical divisor on D.

Remark. (0) It follows from the proof that
Π∗(C

k
i )

dk−1

i

is indeed an element of PicD.

(1) When PicD is trivial, for example when D is a point, relation B2 does not occur.
(2) In general relation B2 is thus a relation with divisors as ‘coefficients’. Now when

PicD ∼= Z, for example if D is some projective space, Relation B2 becomes a numerical
relation. If D is any projective curve we also get a numerical relation by taking degrees.

(3) More generally, whenever D is complete, Relation B2 induces a finite number of
numerical relations. For then we can consider it in NumD, the group of divisors on D
modulo numerical equivalence, which is a quotient of PicD. Since NumD is a finitely
generated free abelian group we get rank(NumD) relations.

(4) We can make analogous remarks for congruence B2.

2.9. Example. When n = 3 we only need blowing–ups with a point or a nonsingular
curve as center.

(a) If D is a point, then E0 ∼= P2 and congruence and relation B1 are

∑

i∈T

diNi ≡ 0 mod N and
∑

i∈T

di(αi − 1) + 3 = 0 ,

where di, i ∈ T, is the degree of the curve Ci in E
0.

(b) If D is a nonsingular curve, then E0 is a ruled surface, i.e. a projective bundle over
D with fibres isomorphic to P1. Congruence and relation B1 are in this case

∑

i∈T

diNi ≡ 0 mod N and
∑

i∈T

di(αi − 1) + 2 = 0 ,

12



where di, i ∈ T, is the degree of Ci, i.e. the number of intersections of the curve Ci with a
general fibre of Π.

(c) If moreover the curve D is projective, then congruence and relation B2 become
numerical by taking degrees in PicD. Let g denote the genus of D and κi = degC2

i , i ∈ T ,
the self–intersection number of Ci in E

0. Then we get
∑

i∈T
di 6=0

κi
di
Ni + 2

∑

i∈T
di=0

Ni ≡ 0 mod N

and
∑

i∈T
di 6=0

κi
2di

(αi − 1) +
∑

i∈T
di=0

(αi − 1) = 2g − 2 .

(When Ci = Π∗Bi we must have degBi = 1 since Ci is irreducible.)

2.10. Remark. For all stated congruences we also know explicitly the corresponding
‘quotients’, e.g. in B1 we have that

∑

i∈T diNi = N(1 +
∑

i∈T dimi), where mi is the
number of times that the repeated strict transform of Ci occurs as center of a blowing–up
in the global resolution process h : X → An.

(2.11) The crucial starting point of our proofs is the following. We give its proof because

of the conceptual simplicity. Remember that for i ∈ T we denote by C
(m)
i ⊂ E the strict

transform of Ci ⊂ E
0, see (2.4).

Proposition. Let KE denote the canonical divisor on E and E2 the self–intersection
divisor of E in X (considered as an element of PicE). Denote also T ′ = T ∪ {1, . . . ,m}.
Then

NE2 = −
∑

i∈T ′

NiC
(m)
i in PicE and(1)

KE =
∑

i∈T ′

(αi − 1)C
(m)
i in PicE ⊗Q .(2)

Proof. By definition of the numerical data we have in PicX that
∑

i∈S

NiEi = 0 and KX =
∑

i∈S

(νi − 1)Ei .

So NE = −
∑

ℓNℓEℓ, where ℓ runs over all components Ei, i ∈ S, except E. Now inter-
secting with E yields (1). We can write KX in PicX ⊗Q as

KX =
∑

i∈S

(νi − 1)Ei −
ν

N
(
∑

i∈S

NiEi) = −E +
∑

ℓ

(αℓ − 1)Eℓ .

Again intersecting with E yields (2), because of the adjunction formula KE = (KX +E) ·
E. �
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Corollary. The ‘classical’ congruences and relations for curves (2.2) follow immediately
from the proposition above by taking degrees, since the Picard group of E ∼= P1 is Z and
degKE = −2. Remark also that the number 1 + ρ in (2.2) is indeed deg(−E2).

2.12. Main ideas in the proofs of (2.5), (2.8) and (2.10). Investigating ‘backwards’ the
evolution of the canonical divisor KEi and self–intersection divisor (Ei)2 for i = 0, . . . ,m
we can show that

N(Ei)2 = −
∑

j∈T∪{1,...,i}

NjC
(i)
j in PicEi and(∗)

KEi =
∑

j∈T∪{1,...,i}

(αj − 1)C
(i)
j in PicEi ⊗Q(∗∗)

and as a bonus we get the congruences and relations A. The expressions (∗) are in particular

valid for i = 0; using the decomposition PicE0 = Π∗ PicD⊕ZC we can write Cj = C
(0)
j =

Π∗Bj + djC for j ∈ T , where Bj ∈ PicD and dj ∈ N. Then (∗∗) implies relation B1 and
also

∑

j∈T

(αj − 1)Bj = KD + e (relation B2’)

in PicD. Here the divisor e is the first Chern class of a certain locally free sheaf of rank
k on D, which determines the structure map Π : E0 → D (see [Ha]). Now for those Cj

with dj 6= 0 the divisors Bj do not have a straightforward geometrical interpretation; we
succeeded in rewriting B2’ as B2, using the self–intersections Π∗(C

k
j ) and avoiding the

divisor e. �

(2.13) We also constructed a way of computing the self–intersections Π∗(C
k
i ), occurring in

B2, in terms of concrete intersection cycles on E0, at least if there are ‘enough’ divisors
Ci, i ∈ T, available with nonzero degree.

Proposition. We use the notations of (2.4) and set k = n− dimD. Suppose that on E0

at least k + 1 different Ci, i ∈ T, occur with nonzero degree di. We denote them here by
C0, C1, . . . , Ck. Then we have

Π∗(C
k
0 ) =

dk−1
0

∏k
i=1 di

[

k
∑

i=1

diN<i> − (k − 1)d0N<0>

]

,

where N<i> = Π∗(C0 · C1 · . . . · Ci−1 · Ci+1 · . . . · Ck) for i = 0, . . . , k.

Example (continuing Example 2.9). Suppose thatD is projective and let C0, C1, C2 occur
on E0 with di 6= 0 for i = 0, 1, 2. Denote n12 = degN<0> = deg(C1 · C2) and analogously
n01 and n02. Then we get

κ0 =
d0
d1d2

(d1n02 + d2n01 − d0n12) .

14



This result is the best possible in the following sense. There exist examples of different
exceptional surfaces E0 with curves Ci, i ∈ T , having the same di for all i ∈ T and the
same nij for all i, j ∈ T with i 6= j, and with only two Ci having di 6= 0, such that the
corresponding Ci with di 6= 0 have a different self–intersection number.

(2.14) We can use the Relations B to show that certain intersection configurations cannot
occur on E0. For example, using the same notations as in the previous example, suppose
that D is projective, |T | > 3, di = 1 for all i ∈ T , and nij = m for all i, j ∈ T with i 6= j.
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...............
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E0

D

••

↓ Π

Since by (2.13) these data imply that κi = m for all i ∈ T , we find by relation B1 and
B2 respectively

∑

i∈T

(αi − 1) + 2 = 0 and
∑

i∈T

m

2
(αi − 1) = 2g − 2 ,

where g is the genus of D. So we must have 2g − 2 = −m. This is only possible when
m = 0 and g = 1, or when m = 2 and g = 0.

(2.15) We mention finally that we recently generalized all results in this section to arbitrary
codimension in the following sense. Instead of fixing an exceptional variety E we fix an
irreducible component E of any (nonempty) intersection ∩j∈JEj of exceptional varieties.
Let E intersect other components Ei, i ∈ I. We can describe the ‘historical evolution’ of
this E analogous as in (2.4), and prove analogous congruences A and B, which are now
linear expression in the Ni modulo gcdj∈J Nj .

Example. Take n = 3 and E an irreducible component of E ∩ E′, where E and E′ are
exceptional surfaces. Let the curve E intersect k times other components E1, . . . , Ek.
Then

k
∑

i=1

Ni ≡ 0 mod gcd(N,N ′).

When moreover all
νj

Nj
, j ∈ J , are equal we can prove analogous relations A and B,

which are linear expressions in the αi = νi −
νj

Nj
Ni, i ∈ I. The starting point of all this is

an appropriate generalization of Proposition 2.11.

(2.16) The theory of relations and congruences between numerical data is developed in
respectively [V3] and [V4]. The generalization (2.15) is not yet published.
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3. Euler–Poincaré characteristics of clusters of exceptional varieties

(3.1) Let k denote either C or an algebraic closure Fa
q of the finite field with q elements.

We fix a nonconstant reduced polynomial f ∈ k[x1, . . . , xn], determining a hypersurface
f−1{0} in An(k). See Remark 3.13 for general f . Just to simplify notation we suppose
that f(0) = 0.

Let h : X → An be any embedded resolution of f−1{0} (not necessarily obtained by
composition of blowing–ups), for which we use the notations of (1.5). Now if k = Fa

q we
furthermore suppose (X,h) to be a tame resolution, i.e. q is prime to Ni for each i ∈ S.

We put
◦
Ei := Ei \ ∪j 6=iEj , EI := ∩i∈IEi and

◦
EI := EI \ ∪j /∈IEj for any ∅ 6= I ⊂ S.

(3.2) As an introduction we take n = 2 and k = C, and we denote by ki the number of
intersection points of Ei with other Ej , j ∈ S. The following is essentially well–known (see
for example [V5, Lemma 2.3]).

Proposition. Assume that h : X → A2 is an isomorphism when restricted to h−1(A2 \
Ysing). (Sometimes one puts this condition into the definition of embedded resolution.)
Then to any exceptional curve E0 with k0 = 1 we can associate r > 1 and a path

............
............
............
............
............
............
............
............
............
............
............
............
............
............
..............................................................................................................................................................................................

............
............
............
............
............
............
............
............
............
............
............
............
............
............
................................................................................................................................... ............

............
............
............
............
............
............
............
............
...........................................................................................................................................................................................................

............
............
............
............
............
............
............
............
............
............
............
............
............
...........

..........................................................................................

..........................................................................................

............
.

............
.

..........

............
.
............
.
..........

.............
.............

..........

............
.

............
.

.......... ............
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Er−1

Er

in the resolution graph, where all Ei are exceptional curves, such that

(1) ki = 2 for i = 1, . . . , r − 1 and kr > 3; and
(2) N0|Ni for all i = 1, . . . , r.

The following more conceptual assertion implies the proposition above. Remember that

χ(
◦
Ei) = 2− ki for an exceptional curve Ei.

Assertion. Take some d ∈ N, d > 1. If ∪i∈TEi is a maximal connected subset of ∪i∈SEi

with respect to the property that Ei is an exceptional curve and d|Ni for all i ∈ T , then

∑

i∈T

χ(
◦
Ei) 6 0 .

(3.3) In fact we proved the following generalization of (3.2), valid in all dimensions and
moreover in arbitrary characteristic.
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Theorem. Take d ∈ N with d > 1, and in positive characteristic also with d prime to q.
If ∪i∈TEi ⊂ h

−1{0} is a maximal connected subset of ∪i∈SEi with respect to the property
that d|Ni for all i ∈ T , then

(−1)n
∑

i∈T

χ(
◦
Ei) 6 0 .

Remarks. (i) The assumption that h maps ∪i∈TEi to a point is quite natural, see (5.11).
It implies that all Ei, i ∈ T, are exceptional varieties and moreover complete.

(ii) This theorem can be motivated by the philosophy that somehow Ei with (−1)nχ(
◦
Ei)

> 0 should be ‘compensated’ by Ei with (−1)nχ(
◦
Ei) < 0. See A’Campo’s formula in (5.11).

3.4. Main ideas in the proof. We describe the occurring Euler–Poincaré characteristics in
terms of hypercohomology groups of the complex of nearby cycles.

Fix any prime ℓ ∤ q, and let Qa
ℓ denote an algebraic closure of the ℓ–adic numbers. Let

RΨ denote shortly the complex of nearby cycles RΨf◦h(C) or RΨf◦h(Q
a
ℓ ) on h

−1(f−1{0}),
F0 the (local) Milnorfibre of f at 0(∈ An), and I the local monodromy group of A1(k) at
0. (If k = C then I ∼= Z.) The monodromy group I acts on F0, RΨ and various associated
cohomology objects. See [SGA 7, Exposés XIII–XIV].

We choose a character κ : I → C×, respectively κ : I → (Qa
ℓ )

× of order d. For any
finite dimensional C–, respectively Qa

ℓ–vector space, constructible sheaf, or (eventually
shifted) perverse sheaf F on which I acts we denote by Fκ the κ–unipotent part of F ,
i.e. the maximal subobject in the corresponding category on which I acts like κ times a
unipotent action.

Using the (κ–unipotent part of the) spectral sequence of hypercohomology and some
known properties of the cohomology sheaves of RΨ we can prove that

(1)
∑

i∈T

χ(
◦
Ei) =

∑

i

(−1)i dimHi(∪i∈TEi, RΨ
κ) .

In fact for this result we only need that d|Ni for all i ∈ T . This expression being available
it is clear that we are done if

(2) Hi(∪i∈TEi, RΨ
κ) = 0 for i 6= n− 1 .

The first step in proving (2) is establishing the vanishing for i > n − 1, which we can
derive from the known analogous vanishing for Hi(F0), using again the spectral sequence
of hypercohomology and an appropriate Mayer–Vietoris decomposition of h−1{0}. (Note
that Hi(F0) ∼= Hi(h−1{0}, RΨ) since h is proper and birational.)

The second step is showing that Hi(∪i∈TEi, RΨ
κ) is dual to H2(n−1)−i(∪i∈TEi, RΨ

κ−1

),
which implies of course the vanishing for i < n− 1. The proof of this second step involves
Verdier duality, especially the fact that RΨ is self–dual (up to shift) on h−1(f−1{0}), and
also an appropriate exact triangle which enables us to exploit this self–duality on ∪i∈TEi.
We should remark here that the maximality of ∪i∈TEi is essential in both steps. �
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(3.5) Theorem 3.3 is in general not true if dimh(∪i∈TEi) > 0; now in view of connections

with monodromy it is more natural to study the χ(
◦
Ei ∩ h

−1{0}), see (5.11) and [A, The-
orem 3]. Consider for example the easy case where f depends only on x1, . . . , xn−r; say
f(x1, . . . , xn) = g(x1, . . . , xn−r). Assuming that the resolution (X,h) of f−1{0} is derived
in the obvious way from a resolution (X ′, h′) of g−1{0} with associated irreducible com-

ponents E′
i, i ∈ S, of h

′−1
(g−1{0}), it is not difficult to show that Theorem 3.3 (applied to

g) implies the following.

Proposition. Take d as in Theorem 3.3 and let ∪i∈TEi be a maximal connected subset

of ∪i∈SEi with respect to the property that d|Ni for all i ∈ T . If ∪i∈TE
′
i ⊂ h

′−1{0} then

(−1)n−r
∑

i∈T

χ(
◦
Ei ∩ h

−1{0}) 6 0 .

(3.6) We now fix d ∈ N, d > 1. We say that an exceptional variety Ej , j ∈ S, for which
d|Nj satisfies the affineness condition if Ej \ ∪d 6 |Ni

Ei is affine.
Here we should remark that in concrete examples and for fixed d a lot of exceptional

varieties satisfy this affineness condition. It is neither a generic nor a special condition
but something ‘in between’. For exceptional varieties satisfying this condition we have the
following remarkable vanishing results for Euler–Poincaré characteristics.

3.7. Proposition. Fix Ej , j ∈ S, with d|Nj and satisfying the affineness condition (3.6).

If χ(
◦
Ej) = 0 then for all I ⊂ S such that EI ⊂ Ej and d|Ni for all i ∈ I we have that

χ(
◦
EI) = 0.

Sketch of the proof. In fact we prove a stronger result on vanishing of cohomology groups.
As in the proof of Theorem 3.3 we choose a character κ of order d of the local monodromy
group I. We will consider the κ–unipotent part (Ψ0)κ of the 0th cohomology sheaf Ψ0

of the complex of nearby cycles on h−1(f−1{0}). Important here is that the restriction
of (Ψ0)κ to the fixed Ej is locally constant of rank one on Ej \ ∪d 6 |Ni

Ei and vanishes
elsewhere.

Lemma. For all I ⊂ S such that EI ⊂ Ej and d|Ni for all i ∈ I we have that







Hk(EI , (Ψ
0)κ) = 0

Hk
c (

◦
EI , (Ψ

0)κ) = 0
for k 6= n− |I| = dimEI .

In particular Hk
c (

◦
Ej , (Ψ

0)κ) = 0 for k 6= n− 1.

We will prove here both the proposition and the lemma for the easy case when only one
other Ei with d|Ni intersects Ej in C := Ei ∩ Ej . If Ej satisfies the affineness condition

then
◦
Ej ∪

◦
C is affine and so Hk(Ej , (Ψ

0)κ) ∼= Hk
c (

◦
Ej ∪

◦
C, (Ψ0)κ) = 0 for k < n− 1. Then

by Poincaré duality and [SGA4 1
2 , Sommes Trig. 1.19.1] we have that Hk(Ej , (Ψ

0)κ) = 0
also for k > n− 1.
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Now since
◦
Ej ∪

◦
C is affine also its closed subvariety

◦
C is affine and so analogously

Hk(C, (Ψ0)κ) = Hk
c (

◦
C, (Ψ0)κ) = 0 for k 6= n−2. Using the exact sequence of cohomology

with compact support we have the exact sequence

0→ Hn−2(C, (Ψ0)κ)→Hn−1
c (

◦
Ej , (Ψ

0)κ)→ Hn−1(Ej , (Ψ
0)κ)→ 0

and Hk
c (

◦
Ej , (Ψ

0)κ) = 0 for k 6= n− 1 .

So there is a remarkable implication

χ(
◦
Ej) = 0⇒ Hn−1

c (
◦
Ej , (Ψ

0)κ) = 0⇒ Hn−2(C, (Ψ0)κ) = Hn−2
c (

◦
C, (Ψ0)κ) = 0

⇒ χ(
◦
C) = 0 .

The general case is computationally more complicated but uses essentially the same in-
gredients together with an appropriate spectral sequence or a repeated Mayer–Vietoris
argument. �

(3.8) Proposition 3.7 immediately implies the following.

Theorem. Let Ei, i ∈ T, be exceptional varieties with d|Ni for all i ∈ T and such that
∪i∈TEi is connected. If all but eventually one Ei, i ∈ T, satisfy the affineness condition
(3.6), then we have the implication

χ(
◦
Ei) = 0 for all i ∈ T ⇒ χ(

◦
EI) = 0 for all ∅ 6= I ⊂ T .

3.9. Conjectural remark. We expect the following to be true if furthermore the resolution
(X,h) is required to be some (not yet determined) ‘good’ resolution, certainly ‘without
superfluous blowing–ups’. Take d ∈ N, d > 1. If ∪i∈TEi ⊂ h

−1{0} is a maximal connected
subset of ∪i∈SEi with respect to the property that d|Ni for all i ∈ T , then we have the
same implication as in Theorem 3.8.

(3.10) In §7 we will give an application of Theorem 3.8 and Proposition 3.11 below on
the topological zeta function and on Igusa’s local zeta function. The condition on d in
Proposition 3.11 occurs in the holomorphy conjecture.

3.11. Proposition. Suppose that d does not divide the order (as root of unity) of any
eigenvalue of monodromy of f at 0. Let ∪i∈TEi ⊂ h

−1{0} be a maximal connected subset
of ∪i∈SEi with respect to the property that d|Ni for all i ∈ T . If all Ni, i ∈ T, are mutually

different, then χ(
◦
Ei) = 0 for all i ∈ T .

Sketch of the proof. Using the same notations as in the proof of Theorem 3.3 we have that

∑

i∈T

χ(
◦
Ei) =

∑

i

(−1)i dimHi(∪i∈TEi, RΨ
κ) .
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We can show that the assumption on d (which is the order of κ) implies the vanishing of

all those hypercohomology groups and so
∑

i∈T χ(
◦
Ei) = 0. For each relevant r we can

moreover proceed analogously replacing T by any subset Tr, which indexes some connected
component of ∪ i∈T

rd|Ni

Ei. If all the Ni, i ∈ T, are mutually different then all those relations

together will yield the stated result. �

Remark. The condition that all Ni, i ∈ T, are different can be weakened to the more
general but less elegant condition that for each r and for every connected component C of
∪ i∈T
rd|Ni

Ei we have that C \ (∪ i∈T
rd>Ni

Ei) is irreducible.

3.12. Conjectural remark. Again if (X,h) is required to be some ‘good’ resolution we
expect the statement of Proposition 3.11 to be true in general, i.e. without requiring the
Ni, i ∈ T, to be different.

3.13. Remark. (i) If f = 0 is not necessarily reduced let f =
∏

j∈J f
Nj

j be the decompo-
sition of f in irreducible elements. Then all the results in this section remain true if instead
of d > 1 we take d such that it does not divide any Nj , j ∈ J, for which 0 ∈ {fj = 0}.

(ii) We can extend our results further to the following data : replace An by any non-
singular variety V and f by a nonconstant regular function on V .

(3.14) All results of this section are in [V7].

4. Embedded resolution graph for curves

(4.1) In this section we take n = 2 and we fix a nonconstant f ∈ C[x, y] such that the curve
f−1{0} has a singular point in 0. Just to avoid talking about germs we suppose that 0 is
the only singular point of f−1{0}; in general one should replace everywhere (A2, f−1{0})
by ‘the germ of (A2, f−1{0}) at 0’.

It is well known that f−1{0} has a unique minimal embedded resolution, which is ob-
tained as an algorithmically determined succession of blowing–ups (with center a point). In
fact all embedded resolutions of f−1{0} are obtained from this minimal one by a succession
of ‘unnecessary’ blowing-ups.

(4.2) Let now (X,h) be the minimal embedded resolution of f−1{0}, for which we use the
notations of (1.5).

In the (dual) embedded resolution graph of f one associates to each exceptional curve
a vertex (represented by a dot) and to each intersection between exceptional curves an
edge, connecting the corresponding vertices. Here we also associate to each analytically
irreducible component of the strict transform a vertex (represented by a circle), and to its
(unique !) intersection with an exceptional curve a corresponding edge. By the algorithm
of embedded resolution it is clear that this graph is a (finite) tree with all circles end
vertices.
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Convention : we will picture a vertex with at least (e.g.) 3 edges as

............
............

............
............

............
.......

...................................................................

.....................................

..................................... • .

Now to each vertex Ei, i ∈ S, we associate the ratio of numerical data νi

Ni
. The following

theorem makes the resolution graph into an ordered tree with respect to the νi

Ni
, i ∈ S.

For simplicity of notation we exclude the trivial case that 0 is an ordinary double point
of f−1{0}.

4.3. Theorem. (i) The Ej , j ∈ S, for which
νj

Nj
= mini∈S

νi

Ni
, together with their edges,

form a connected partM of the resolution graph. More preciselyM has one of the following
forms (with r > 0) :

............
............

............
............

............
.......

...................................................................

.....................................

..................................... •(1)

◦(3)

............
............
............
............
............
.......

............
............

............
............

............
.......

...................................................................

...................................................................

............. ............. ...........
.....................................

............. ............. ...........
.....................................

. . .• • • • •
E1 E2 Er

(2)

............
............
............
............
............
.......

...................................................................

............. ............. ...........

............. ............. ...........
. . .• • • •◦

E1 E2 Er

(4)

(ii) If for some exceptional curve E we have

............
.

............
.

............
.

............
.
............
.
............
.

.............
.............

.............

.............
.............

.............

• •
E0 E

(1) or ............
.
............
.
............
.

.............
.............

.............

•◦
E0 E

(2)

in the resolution graph with ν0

N0
< ν

N , then necessarily ν
N < νi

Ni
for all other components

Ei that intersect E.
(iii) Thus starting from an end vertex of the minimal part M, the numbers νi

Ni
strictly

increase along any path in the tree (away fromM).

4.4. Remark. (a) Suppose that f is reduced. Then the algorithm of embedded resolution
easily implies that νi 6 Ni for any exceptional curve Ei and that νi < Ni if Ei intersects
the strict transform. Consequently the cases (3) and (4) of (i) (and case (2) of (ii)) cannot
occur in Theorem 4.3. On the other hand in (i) there exist examples of case (1) and case
(2) for any r > 0.

(b) Moreover there exist examples (with nonreduced f) of case (3) and case (4) for any
r > 0; see also (4.8).

Notation : Further in this section we still denote byM the minimal part of Theorem 4.3.

(4.5) We will not reproduce here the proofs of Theorem 4.3 and of the other forthcoming
results in this section. They are mainly based on (2.2) and on the following lemma, which
is [Lo1, Proposition II.3.1] together with some easy consequences.
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Lemma. Let the exceptional curve E intersect k times other components E1, ..., Ek and
set as usual αi := νi −

ν
NNi for i = 1, . . . , k.

(i) For all i = 1, . . . , k we have that −1 6 αi < 1, equality occurring if and only if k = 1.
(ii) At most one Ei, 1 6 i 6 k, occurs such that αi < 0 (⇔ νi

Ni
< ν

N ).

(iii) If k > 3 then at most one Ei, 1 6 i 6 k, occurs such that αi 6 0 (⇔ νi

Ni
6 ν

N ).

(iv) If k = 2 then ν1

N1
< ν

N ⇔
ν
N < ν2

N2
.

4.6. Example. When f is analytically irreducible at 0 (with g different Puiseux exponents),
then the resolution graph has the following form.

. . . . .
.......................................................... ...................

• • • . . . . .
.......................................................... ...................

• • • . . . . .
.......................................................... ...................

• • •..........
..........

..........
..........

..........

..................................................

.
.

.
.

..........
..........

..........
.............................

...................

•

•

..........
..........

..........
..........

..........

..................................................

.
.

.
.

..........
..........

..........
.............................

...................

•

•

..........
..........

..........
..........

..........

..................................................

.
.

.
.

..........
..........

..........
.............................

...................

•

•

..........
..........

..........
..........

..........

..................................................

.
.

.
.

..........
..........

..........
.............................

...................

•

•

..........
..........

..........
..........

..........

..................................................

.
.

.
.

..........
..........

..........
.............................

...................

•

•
• • • • •

• •. . ........................................................... ................... .......................................................... ...................

E1 E2 E3 Eg−1
Eg

..................................................

...................................................................

..........
..........
..........
..........
..........

.
.

.
.

................................................
........
...

..............
.....

•

•
•

◦
................................................

........
...

..............
.....

Its minimal part M consists just of E1 and the ratio νi

Ni
strictly increases in the sense

of the arrows. This fact was already discovered by Strauss [St, Corollary 2.1] through
complicated computations. It is also implied by the following more general result.

4.7. Proposition. If the resolution graph contains a part of the form below, then the
minimal partM is E.

.................
.................

.................
............

...............................................................

...............................................................

.................
.................

.................
............

......

......

............
.
............
.
............
.

.............
.............

.............

•
•

•
•

•
•

•

E

E1

E2

Remark. In particular this implies that the resolution graph can contain at most one part
of the described form. (One can also see this by proving that in such a part E1 or E2

must be the first created exceptional curve in the resolution process.) So we obtain an
important restriction on the shape of the (pure) resolution tree using our result on the
‘ordered tree’ structure with respect to the νi

Ni
.

(4.8) We already mentioned in Remark 4.4 that an analytically irreducible component of
the strict transform cannot be part of the minimal setM if f is reduced. In fact the cases
(3) and (4) of Theorem 4.3(i) are quite rare; they are only possible if some irreducible
component of f−1{0} is smooth at 0 and occurs moreover with ‘high’ multiplicity in the
divisor of f .

◦
E

(3) ............
............
............
............
............
.......

...................................................................

............. ............. ...........

............. ............. ...........
. . .• • • •◦

E
(4)
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Proposition. Let f =
∏

i∈I f
Ni
i be the decomposition of f in irreducible factors, and

denote by µi the multiplicity of fi at 0. If the minimal set M in Theorem 4.3(i) is as in
case (3) (respectively case (4)), then there exists j ∈ I such that E is the strict transform
of f−1

j {0} and such that µj = 1 and Nj >
∑

i 6=j µiNi (respectively Nj >
∑

i 6=j µiNi).

4.9. Example. Take f = xN (y2 − x3)N
′

. Let E1, E2 and E3 denote the exceptional curves
(ordered as created), and E and E′ the strict transforms of respectively {x = 0} and
{y2 − x3 = 0}. The resolution graph and numerical data are as follows.

• • •◦

◦

E

E′

E1 E2E3

E(N,1)
E′(N ′,1)

E1(N + 2N ′,2)
E2(N + 3N ′,3)
E3(2N + 6N ′,5)

As N and N ′ vary, cases (1), (3) and (4) of Theorem 4.3(i) can occur :

case (1) ⇔M is •
E3

⇔ N < 2N ′,

case (4) ⇔M is • •◦
E E1 E3

⇔ N = 2N ′,

case (3) ⇔M is ◦
E

⇔ N > 2N ′.

(4.10) To conclude this section we mention that Theorem 4.3 can easily be generalized for
an arbitrary embedded resolution of f−1{0}. The only difference for an arbitrary resolution
is that the cases (2) and (4) of (i) must be extended to

............
............
............
............
............
.......

............
............

............
............

............
.......

...................................................................

...................................................................

............. ............. ...........
.....................................

............. ............. ...........
.....................................

......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

. . .• • • • •
E1 E2 Er

(2)

............
............
............
............
............
.......

...................................................................

............. ............. ...........

............. ............. ...........
......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

......
......
.
......
......
.

. . .• • • •◦
E1 E2 Er

(4) ,

i.e. the ‘connecting’ exceptional curves E1, . . . , Er can intersect more than two other
components. The statements (ii) and (iii) remain valid.

(4.11) All results of this section are in [V8].
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5. Igusa’s local zeta function and the topological zeta function

(5.1) Let K be a finite extension of the field Qp of p–adic numbers, R the valuation ring
of K, P the maximal ideal of R, and K̄ = R/P the residue field with cardinality q. For
z ∈ K we denote by ord z ∈ Z ∪ {+∞} its valuation, |z| = q− ord z its absolute value, and
ac(z) = zπ− ord z its angular component, where π is a fixed uniformizing parameter for R.

Let f(x) ∈ K[x] = K[x1, . . . , xn] and κ : R× → C× a character of R×, the group of
units of R. (We formally put κ(0) = 0.) To these data one associates Igusa’s local zeta
function

Z(s) = Z(s, f,κ) :=

∫

Rn

κ(ac f(x))|f(x)|s|dx| ,

and analogously Z0(s, f,κ) replacing R
n by Pn, for s ∈ C with ℜ(s) > 0. Here |dx| denotes

the Haar measure on Kn, normalized such that Rn has measure 1. Igusa [I1] showed that
it is a rational function of q−s, so it extends to a meromorphic function on C. When κ is
the trivial character we just write Z(s, f) and Z0(s, f).

For more information and other work on Igusa’s local zeta function, see for example
[D], [DM], [I], [KSZ], [Lo]; [D3] presents an overview of the subject and a detailed list of
references until 1991.

(5.2) If f has coefficients in R then Z(s, f) describes the Poincaré Series

P (T ) :=

∞
∑

i=0

Ni (q
−nT )i

where Ni is the number of solutions (in the ring R/P iR) of the congruence f(x) ≡ 0
mod P i. In fact Z(s, f) = (1 − qs)P (q−s) + qs. (Remark that this is consistent with the
introduction since Z/piZ ∼= Zp/p

iZp.)

(5.3) From now on we suppose that κ is trivial on 1 + P , i.e. it is induced by a character
of K̄; this is the relevant case (see [D3, Theorem 3.3]).

We choose an embedded resolution h : X → An of f−1{0}, constructed entirely over K
(this in possible by [Hi]), for which we use the notations of (1.5), where now the Ei, i ∈ S,
are the K–irreducible components of h−1(f−1{0}). Igusa’s proof of the rationality of Z(s)
yields the following : All poles of Z(s) and Z0(s) are among the values

−
νj
Nj

+
2kπ

Nj log q
i with k ∈ Z and j ∈ S such that the order of κ divides Nj .

(5.4) In the sequel we denote reduction mod P by (·)K̄ . (Intuitively the reduction mod P
of a variety defined over K is obtained by reducing the coefficients of its defining equations
modP . For example if g ∈ K[x], choose the appropriate power r of the uniformizing
parameter π such that πrg ∈ R[x] and πrg 6∈ P [x]. Then as an algebraic set (g−1{0})K̄ is
the zero set of the reduction of πrg mod P .)

24



5.5. Theorem [D3, §3]. Suppose that the resolution (X,h) has good reduction modP
(see [D3, (3.2)]). Then

Z(s) = q−n
∑

I⊂S

cκI
∏

i∈I

q − 1

qνi+sNi − 1

with

cκI =
∑

k

(−1)k Tr[Frob, Hk
c ((

◦
EI)K̄ ,Lκ)].

Here Lκ is a certain ℓ–adic sheaf on XK̄ associated to κ, Tr denotes the trace, and Frob is

the geometric Frobenius of K̄. For Z0(s) we have an analogous formula replacing (
◦
EI)K̄

by (
◦
EI)K̄ ∩ h

−1
K̄
{0}.

Remark. (i) ‘Good reduction modP ’ is a technical condition. Important for us is that
when f and (X,h) are defined over a number field F , then we have good reduction for
almost all completions K of F .

(ii) The sheaf Lκ is in fact zero on ∪d∤Ni
(Ei)K̄ and locally constant of rank one else-

where; we can thus restrict the summation above to subsets I for which d|Ni for all i ∈ I.
(iii) When κ is the trivial character the sheaf Lκ is constant on X̄ and cκI is just the

number of K̄–rational points on (
◦
EI)K̄ .

In the description of the forthcoming results it is not necessary to understand completely
the cohomological interpretation of the coefficients cκI . Important are remark (iii) and the
following result, which is in fact a special case of Theorem 7.7.

5.6. Proposition[D2, Theorem 1.1]. Let d denote the order of κ. Suppose that the
exceptional variety Ej is proper, d|Nj and Ej intersects no other Ei, i ∈ S, with d|Ni. If

χ(
◦
Ej) = 0 then cκ{j} = 0, i.e. Ej does not contribute to Z(s).

(5.7) Next we introduce the related topological zeta function. Therefore we now take
f ∈ C[x1, . . . , xn] and fix an embedded resolution (X,h) of f−1{0}, for which again we use
the notations of (1.5). To f and d ∈ N \ {0} one associates the topological zeta function
(in the complex variable s)

Z
(d)
top(s, f) :=

∑

I⊂S
∀i∈I:d|Ni

χ(
◦
EI)

∏

i∈I

1

νi + sNi
,

and analogously Z
(d)
top,0(s, f) replacing χ(

◦
EI) by χ(

◦
EI ∩ h

−1{0}) for any I ⊂ S. When

d = 1 we just write Ztop(s, f) and Ztop,0(s, f).
Those zeta functions are invariants of respectively f and the germ of f at 0 and were

introduced by Denef and Loeser in [DL]; the remarkable fact that the defining expressions
do not depend on the chosen resolution is proved by expressing them as a limit of Igusa’s
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local zeta functions. (For n = 2 we do not need this limit argument; one can easily
verify that the definitions are unambiguous using the existence of the minimal embedded
resolution.)

(5.8) Heuristically the topological zeta function is obtained as a limit when q tends to 1 of
a series of Igusa’s local zeta functions. Remark that by the cohomological interpretation of

the cκI it is at least plausible that their ‘limit’ is χ(
◦
EI). Denef and Loeser give in [DL] an

exact meaning to this argument (using algebraic approximation and ℓ-adic interpolation).
As a corollary to their proof of this, they also obtain the following result, which relates
poles of the topological zeta function to poles of Igusa’s local zeta function.

Theorem [DL, Theorem 2.2]. Let f ∈ F [x1, ..., xn] for some number field F . When s0
is a pole of Z

(d)
top(s, f) (respectively Z

(d)
top,0(s, f)), then for almost all completions K of F

and all characters κ of R×, there exist infinitely many unramified extensions L of K such
that s0 is a pole of Z(s, f,κ ◦NL|K) (respectively Z0(s, f,κ ◦NL|K)), where we consider
f ∈ L[x1, ..., xn] and NL|K denotes the norm.

So roughly a pole of the topological zeta function induces a pole of Igusa’s local zeta
function. (Intuitively this is already clear by the limit argument.) Now it is still an open
question if conversely a pole of Z0(s, f) always induces a pole of Ztop,0(s, f). By our results
in §8 the answer is affirmative for n = 2.

(5.9) When f is defined over a number field a couple of remarkable conjectures relate the
poles of Igusa’s local zeta function (or the topological zeta function) of f to the local
monodromy of f . We briefly recall this notion [Mi].

Let f : Cn → C be a nonconstant polynomial map and fix b ∈ Cn with f(b) = 0. Let
B ⊂ C2 be a small enough ball with center b; Milnor [Mi] proved that the restriction f |B
is a locally trivial C∞ fibration over a small enough pointed disc D ⊂ C \ {0} with center
0. Hence the diffeomorphism type of the Milnor fibre Fb := f−1{t}∩B of f around b does
not depend on t ∈ D, and the counterclockwise generator of the fundamental group of D
induces an automorphism T of H ·(Fb,C) which is called the local monodromy of f at b.

We call an eigenvalue of monodromy of f at b any eigenvalue of T on any cohomology
group H ·(Fb,C), and an eigenvalue of monodromy of f any eigenvalue of monodromy of f
at any (complex) b ∈ f−1{0}. It is well known that all such eigenvalues are roots of unity
[SGA7, Exposé I], so we call the order of an eigenvalue of monodromy of f its order as
root of unity.

(5.10) Motivated by an analogous theorem of Malgrange [Ma1,Ma2] in the archimedean
case and by the study of concrete examples it is natural to propose the following (and its
analog for the topological zeta function).

Monodromy Conjecture[Igusa]. Let F be a number field and f ∈ F [x1, . . . , xn]. For
almost all completions K of F we have that if s0 is a pole of Z(s), then e2πiℜ(s0) is an
eigenvalue of monodromy of f .
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Igusa [I6] tested the monodromy conjecture for relative invariants f of certain reductive
groups. Loeser verified it when n = 2 [Lo1] and for polynomials which are nondegenerate
with respect to their Newton polyhedron, assuming certain additional conditions [Lo3].

(5.11) Remember that an embedded resolution of f−1{0} yields a complete list of candidate
poles for Igusa’s local zeta function of f . Now by a formula of A’Campo [A, Theorem 3] we
can describe also the eigenvalues of monodromy of f in terms of an embedded resolution
(X,h), for which we use the notations of (1.5).

Suppose for example that f−1{0} has just one isolated singular point w. In this case
we can and will assume that all exceptional varieties Ei satisfy h(Ei) = {w}. The action
of T on Hn−1(Fw,C) is now the only nontrivial one [Mi] and its characteristic polynomial
P (t) is [A, Theorem 4]

P (t) =

[

(t− 1)
∏

i∈S′

(tNi − 1)−χ(
◦

Ei)

](−1)n

,

where S′ ranges over all exceptional varieties Ei. (The only other nonzero action is on
H0(Fw,C) with characteristic polynomial t− 1.)

In the general case A’Campo computes the alternating product of the nontrivial char-

acteristic polynomials, and its formula involves the χ(
◦
Ei ∩ h

−1{w}).

(5.12) Combining the expression for P (t) above with the monodromy conjecture we can

generally expect that when χ(
◦
Ej) = 0 for a projective exceptional variety Ej , maybe even

when χ(
◦
Ej) 6 0 for odd n or χ(

◦
Ej) > 0 for even n, then Ej does not contribute to an

eventual pole of Z(s) in −νj/Nj . Now it is striking and for n > 3 somewhat mysterious

that in concrete examples we have that χ(
◦
Ej) = 0 for ‘most’ exceptional varieties Ej .

So in particular the monodromy conjecture would explain the strange vanishing of ‘most’
candidate poles −νj/Nj .

Remark. (i) The monodromy conjecture implies for example the following statement.

Suppose that f−1{0} has only isolated singularities. If χ(
◦
Ej) = 0 and there is no Ei, i 6= j,

with N ′ | Ni, where
νj

Nj
= ν′

N ′
and ν′ and N ′ are coprime, then −νj/Nj is no pole of Z(s).

(ii) When χ(
◦
Ej) > 0 for odd n or χ(

◦
Ej) < 0 for even n we have usually that −νj/Nj

is a pole of Z(s). See §8 for exact results when n = 2.

6. Vanishing of candidate poles and the monodromy conjecture

(6.1) Let K be a p–adic field with valuation ring R, maximal ideal P , and residue field K̄
with cardinality q. Let f ∈ K[x1, . . . , xn].
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We fix an embedded resolution (X,h) of f−1{0}, obtained as a succession of blowing–

ups as in §1, and we use the notations of (1.5). For j ∈ S we also set
◦
Ej := Ej \∪i 6=jEi. We

suppose that (X,h) has good reduction mod P so that we can use formula 5.5 for Igusa’s
local zeta function (see Remark (i) after 5.5).

(6.2) Motivated by the monodromy conjecture we will prove (mostly when n = 3) for a

lot of different cases that if χ(
◦
Ej) = 0, then Ej does not contribute to an eventual pole

− νj

Nj
of Z(s, f) or Ztop(s, f). (See Remark 6.16 for the general zeta functions Z(s, f,κ) or

Z
(d)
top(s, f). More precisely we consider the following data (∗).

(∗)

Fix a projective exceptional variety E = Ej with χ(
◦
E) 6 0 for odd n or

χ(
◦
E) > 0 for even n, and such that νi

Ni
6= ν

N for all Ei that intersect E. We
assume for simplicity that any K–irreducible component of any intersection
∩i∈IEi, j ∈ I ⊂ S, remains irreducible over an algebraic closure of K. (One
can always choose K ‘large enough’ such that this condition is satisfied.)
Denote by R the contribution (in formula 5.5) of E to the residue of the
candidate pole − ν

N for Z(s, f).

(Eventually there can be other contributions to this residue but those do not interfere
with R.) Note that R is an expression in the αi = νi −

ν
NNi ( 6= 0!) for intersecting Ei,

so we can use the relations A and B between numerical data of §2 to prove that R = 0.
All subsequent techniques and vanishing results are also valid for the residue of − ν

N for
Ztop(s, f); the computations are just a little easier.

Example. When n = 2 then χ(
◦
E) = 0 if and only if E intersects exactly twice other

components, say E1 and E2, and using Remark (iii) after 5.5 we have that (up to a
nonzero constant factor)

R = (q − 1)(q − 1 +
q − 1

qα1 − 1
+

q − 1

qα2 − 1
) =

(q − 1)2(qα1+α2 − 1)

(qα1 − 1)(qα2 − 1)
,

which is zero by (2.2(ii)). The case χ(
◦
E) > 0 (⇔ χ(

◦
E) = 1) is analogous.

(6.3) From now on until (6.16) we take n = 3. Remember from (2.4) that we can describe
E in the data (∗) as obtained from a surface E0 by a finite succession of blowing–ups

E0 π1←− E1 π2←− . . . Ei−1 πi←− Ei . . .
πm−1

←−−− Em−1 πm←−− Em = E

with a point as center and an exceptional curve Ci(∼= P1) ⊂ Ei for i = 1, . . . ,m. The
surface E0 is created at some stage of the global resolution process as the exceptional
variety of a blowing–up with center either a point or a nonsingular curve D. In the first
case E0 ∼= P2 and in the latter E0 is a ruled surface (with base curve D).
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Let Ci, i ∈ T , denote the (reduced) intersections of E0 with previously created ex-
ceptional surfaces in the global resolution process or with the strict transform of f−1{0}
(at the stage where E0 is created). Then for all i = 1, . . . ,m the intersections of Ei

with other exceptional surfaces or with the strict transform of f−1{0} are the curves
Cℓ, ℓ ∈ T ∪ {1, . . . , i}.

— To avoid complicated indices we use the same notations for the curves Cℓ and their
strict transforms in the Ei. —

Set T ′ = T ∪ {1, . . . ,m}. We also have that ∪i∈T ′Ci has normal crossings in Em = E,
and we can associate to the Ci, i ∈ T ′, a pair of numerical data (Ni, νi) such that the
numbers αi = νi −

ν
NNi occur in R.

(6.4) Analyzing formula 5.5 and using the subsequent Remark (iii) for n = 3 we have more
precisely that (up to a nonzero constant factor)

(∗∗) R = card
◦
E + (q − 1)

∑

i∈T ′

card
◦
Ci

qαi − 1
+ (q − 1)2

∑

{i,j}⊂T ′

i 6=j

card(Ci ∩ Cj)

(qαi − 1)(qαj − 1)

where
◦
Ci := Ci \ ∪ℓ 6=iCℓ and card(·) is the number of K̄–rational points on (·)K̄ , the

reduction mod P of (·). In particular for i = 1, . . . ,m we have that card
◦
Ci = q + 1 − ki,

where Ci intersects ki times other Cℓ.

(6.5) The following fact is very important in what follows. Its proof is an easy application
of the relation A between numerical data. Remark first that we can associate an expres-
sion (∗∗) to every normal crossings configuration of curves Ci (with associated numbers
αi ∈ Q, αi 6= 0) on a nonsingular surface, at least when everything is defined over K.

Proposition. Suppose that some Ce, e ∈ T
′, can be considered as the exceptional curve

of a blowing–up g : E → E′ and such that ∪i∈T ′\{e}g(Ci) still has normal crossings on E′.
Then the expressions (∗∗) for ∪i∈T ′Ci ⊂ E and ∪i∈T ′\{e}g(Ci) ⊂ E

′ are equal.

(6.6) In particular this implies that to compute R we may as well assume that ∪i∈T ′Ci ⊂ E

is the minimal embedded resolution of ∪i∈TCi ⊂ E
0. Since we have moreover that χ(

◦
E) =

χ(E0 \ ∪i∈TCi) we can treat all situations (∗) by studying all possible configurations on
E0 ∼= P2 or E0 a ruled surface with χ(E0 \ ∪i∈TCi) 6 0.

We will exploit Proposition 6.5 further, but first we give a concrete example.

6.7. Example (Figure 6.1). Let E0 ∼= P2 and ∪i∈TCi be C ∪ C
′ ∪ C0 ∪ C

′
0 with equations

(in the homogeneous coordinates x, y, z)

C : yz = x2 − y2, C0 : y = 0 ,

C ′ : yz = x2 + y2, C ′
0 : x = 0 .
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Figure 6.2

Remark that χ(
◦
E) = 0. We obtain an embedded resolution of C ∪ C ′ ∪ C0 ∪ C

′
0 by

constructing a series of four blowing–ups (starting with center P ) with exceptional curves
Ci, 1 6 i 6 4, which intersect as given by Figure 6.2. Relation B1 and 4 times relation A
yield respectively































2α+ 2α′ + α0 + α′
0 − 3 = 0

α1 = α+ α′ + α0 + α′
0 − 2

α2 = α+ α′ + α0 + α1 − 2

α3 = α+ α′ + α2 − 1

α4 = α+ α′ + α3 − 1 ,

implying that



















α0 = α2 + 1

α2 = α1 + α3

α3 = α1 + α4

α′
0 + α4 = 0 .

Here the expression of (6.4) for the residue is

R =(q − 1)(q − 2) +
(q − 1)q

qα0 − 1
+ (q − 1)2

(

1

qα − 1
+

1

qα′ − 1
+

1

qα1 − 1
+

1

qα3 − 1

)

+ (q − 1)(q − 2)

(

1

qα
′

0 − 1
+

1

qα2 − 1
+

1

qα4 − 1

)

+ (q − 1)2
[

1

qα2 − 1
(

1

qα0 − 1
+

1

qα1 − 1
+

1

qα3 − 1
)

+
1

qα4 − 1
(

1

qα − 1
+

1

qα′ − 1
+

1

qα3 − 1
) +

1

qα
′

0 − 1
(

1

qα − 1
+

1

qα′ − 1
+

1

qα1 − 1
)

]

and one can verify that the relations above yield R = 0.

(6.8) Now to prove more elegantly that R = 0 we proceed somewhat surprisingly as
follows. In all our examples we will be able to reduce the computation of R by consecutive
applications of Proposition 6.5 to the computation of (∗∗) for the following very easy
standard configuration (Figure 6.3).
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. . .

C

C ′

E′

Figure 6.3

Here E′ is a ruled surface, C and C ′ are sections with α + α′ = 0 (respectively C is a
section with α = −1), and the other curves are rational and practically always fibres. The
following is easy to verify.

6.8.1. Lemma. The expression (∗∗) for the configuration of Figure 6.3 is always zero.

In fact if E0 ∼= P2 or E0 itself is a ruled surface we will be able to blow down Em = E
respectively m−1 and m times such that the resulting configuration is as above. Moreover
it is easy to derive from the numbers αi how Proposition 6.5 can be applied.

6.8.2. Lemma. Suppose that Ci
∼= P1 and intersects either

(1) exactly two other curves, say C1 and C2, and αi = α1 + α2, or
(2) exactly one other curve, say C1, and αi = α1 + 1,

then Ci can be blown down such that the resulting configuration still has normal crossings.

Proof. By Castelnuovo’s criterion [Ha, V Theorem 5.7] we only have to show that the
self–intersection number of Ci is −1. This follows easily from the adjunction formula using
the expression for the canonical divisor in terms of the αj , mentioned in 2.12. �

6.9. Example. We reconsider Example 6.7 with the reduction technique of (6.8). Using
Lemma 6.8.2 we can consecutively blow down C0, C2 and C3 to obtain the intersection
configuration of Figure 6.4. It is not difficult to show that the resulting surface must be
ruled with sections C ′

0 and C4 and fibres C, C ′ and C1. (In fact this is not really needed.)
We now apply three times Proposition 6.5 an finally Lemma 6.8.1 to obtain that R = 0.

CC ′C1

C4

C ′
0

Figure 6.4
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(6.10) We now state without proofs a selection of situations (∗) for n = 3 where we verified,
using the reduction technique (6.8), that R = 0. Mostly all relations A and B are needed.
Suppose first that E0 ∼= P2; we will use homogeneous coordinates x, y, z to describe the
Ci, i ∈ T .

Remark. We can find concrete examples of every possible configuration of curves Ci, i ∈ T,
on P2. When Ci is given by the homogeneous equation fi(x, y, z) = 0 of degree di, take
for instance a surface f−1{0} in A3 with an isolated singularity in the origin given by

f(x1, x2, x3) =
∏

i∈T

fi(x1, x2, x3) + [terms of degree >
∑

i∈T

di] .

6.11. Theorem. If E in the data (∗) is created by blowing–up a point of multiplicity at
most 4 on the strict transform of f−1{0}, then R = 0.

This means in practice that we classified all different configurations of curves Ci, i ∈ T,
consisting of a set of curves of total degree 4 together with at most three lines in general
position, such that χ(P2 \ ∪i∈TCi) 6 0. (The three lines can come from intersections with
previously created exceptional surfaces in the global resolution process, passing through
the center of the blowing–up that creates E0.) Example 6.7 is such a configuration.

In [Si, Example 7.6] also Siersma classifies projective plane curves C satisfying
χ(P2 \ C) = 0. He lists the examples for which degC 6 4, producing thus some cases of
Theorem 6.11. His motivation is the following. Let the homogeneous polynomial g(x, y, z)
determine the germ of an analytic function g : (C3, 0)→ (C, 0) with 1-dimensional singular
locus. A necessary condition for the Milnor monodromy T2 in the origin being the identity
is that χ(P2 \ {g = 0}) = 0.
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Figure 6.6

6.12. Proposition. Let the Ci, i ∈ T, consist of

(1) an arbitrary number of lines passing through one point P and one other line not
passing through P , or

(2) (Figure 6.5) any number of curves Ci : ymxk−m = xk+1 + aiy
k+1, where

k > 2, 1 6 m 6 k − 1, and the ai are all different and not equal to zero, C : x = 0
and C ′ : y = 0, or
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(3) (Figure 6.6) any number of curves Ci : y
k = xk+1 + aiy

k+1, where k > 2 and the
ai are all different, C0 : y = 0 and C : y = ax where a 6= 0.

Then in each case χ(
◦
E) = 0 and R = 0.

Moreover for each configuration above we have that any configuration obtained from it by

dropping a line and satisfying χ(
◦
E) 6 0, also has R = 0.

The idea is that given any concrete configuration ∪i∈TEi on P2, the relations B1 and
A should make R = 0 in the data (∗). In this context we recently proved a conceptual
explanation for our reduction technique [V11].

(6.13) As an intermezzo we mention the following related result, conjectured in our Ph.
D. Thesis, proved by de Jong and Steenbrink [JS], and recently using a different method
also by Gurjar and Parameswaran [GP]. We also propose here a generalization in arbitrary
dimension.

Theorem. Let Ci, i ∈ T, be irreducible curves in P2(C). If χ(P2 \ ∪i∈TCi) 6 0 then all
curves Ci are rational.

Conjecture. Let Ci, i ∈ T, be irreducible hypersurfaces in Pn(C). If (−1)nχ(Pn\∪i∈TCi)
6 0 then all Ci have Kodaira dimension −∞.

(6.14) Suppose next that E0 is a ruled surface over the curve D. Important here is that in
contrast to the remark in (6.10) not every configuration of curves on a ruled surface can
occur in an embedded resolution; see for example (2.14).

We classified all configurations that can eventually occur when the strict transform of
f−1{0} is already nonsingular before the blowing–up that creates E0; i.e. we treated the
‘last part’ of the global resolution process. In practice these configurations can consist of
one, two or three sections and an arbitrary number of fibres, and in the last case two of
the three sections must be disjoint (for then they come from intersections with previously
created exceptional surfaces in the global resolution process, passing through D before E0

is created). We present here only the conclusion of this investigation.

Theorem. Let χ(
◦
E) 6 0. Suppose that E0 is created by blowing–up a projective curve

D and that the strict transform of f−1{0} before this blowing–up is already nonsingular.
Except for the two special situations when

(1) D ∼= P1 and the Ci, i ∈ T, consist of three sections intersecting as in Figure 6.7, or
(2) the genus of D is 1 and the Ci, i ∈ T, consist of three disjoint sections (Figure 6.8),

we have that R = 0.

Remarks on the special situations.
(1) The Relations B1 and B2 imply here that α0 = 1 and thus that ν0−1

N0
= ν

N where

(N0, ν0) are the numerical data of the exceptional surface that intersects E in (the strict

transform of) C0. So N ′|N0, where
ν
N = ν′

N ′
and ν′ and N ′ are coprime, and in view of
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Remark (i) in (5.12) there is no obstruction for the monodromy conjecture. For example
when f(x, y, z) = x2 − y2 + z3 this situation actually occurs.

(2) It is not clear whether this configuration can occur in a concrete example. For
instance when f−1{0} has only absolutely isolated singularities, i.e. f−1{0} has a resolution
(as surface) obtained only by blowing–ups with a point as center, we proved that this
situation is impossible.

E0
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C0

Figure 6.7 Figure 6.8

(6.15) We return to the general case where E0 is created at an arbitrary stage of the
resolution process. If E0 is a ruled surface over any projective curve of genus g > 2 and

χ(
◦
E) 6 0 we prove that only a few (simple) intersection configurations of the Ci, i ∈ T,

can occur on E0, and that R = 0 in these cases. The following result, which is interesting
itself, is the key to this statement.

Proposition. Suppose that E0 is a ruled surface over a projective curve of genus g > 2

and that at least two curves Ci, i ∈ T, are not fibres of Π. If χ(
◦
E) 6 0 then the Ci, i ∈ T,

consist of a number of fibres and exactly two sections C1 and C2, such that each point of

C1 ∩ C2 also belongs to some fiber Ci (Figure 6.9); so in fact χ(
◦
E) = 0.

C1

C2

. . .

. . .

. . .

D

E0

Π↓

Figure 6.9
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6.16. Remark. (i) Probably we can generalize the results and techniques of this section

to the general zeta functions Z(s, f,κ) and Z
(d)
top(s, f). For instance using the example

in (2.15) we can prove that Proposition 6.5, which is the starting point of our reduction
technique (6.8), extends to the general setting.
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(ii) It is worth to notice that in concrete examples the (ordinary) congruences A and

B already often imply the vanishing of R for Z
(d)
top(s, f). The reader can eventually check

this for Example 6.7.

(6.17) To conclude this section we mention a few verifications of (∗) in arbitrary dimension.

Proposition. (i) If E ∼= Pn−1 and the Ci, i ∈ T, consist of k hyperplanes in general

position (2 6 k 6 n), then χ(
◦
E) = 0 and R = 0.

(ii) Let E ∼= Pn−1(n > 3) and the Ci, i ∈ T, consist of k hyperplanes containing a fixed

(n− 3)–plane; so χ(
◦
E) = 2− k. Then R = 0.

The easiest proof of (i) is by double induction on n and k; since ∪i∈TCi has normal
crossings on E0 we only need Relation B1. When k > 3 in (ii) we also need relation A,
associated to the blowing–up with center the (n− 3)–plane. Remark that (ii) yields some
examples where R = 0 even when we do not ‘expect’ it, for instance for n even and k > 3.

The following result follows easily from relation B1.

Proposition. Let E0 be a projective bundle Π : E → D over some nonsingular variety D
with fibres isomorphic to P1. Let the Ci, i ∈ T, consist of two disjoint sections and of the
inverse images Π−1Bi of nonsingular varieties Bi in D such that ∪iBi has normal crossings

on D. Then χ(
◦
E) = 0 and R = 0.

(6.18) This section is based on [V6]; the conjecture in (6.13) however is new. We should

also mention that [V4] contains some examples of the vanishing of R for Z
(d)
top(s, f), see

Remark 6.16(ii).

7. On the holomorphy conjecture

(7.1) Let K be a finite extension of the field Qp of p–adic numbers, R its valuation ring
with maximal ideal P , and K̄ = R/P its residue field with cardinality q.

We take a nonconstant f ∈ K[x1, . . . , xn] and a character κ of R× and we fix again an
embedded resolution (X,h) of f−1{0}, using the notations of (1.5). Remember that all
poles of Z(s, f,κ) are among the values

s = −
νj
Nj

+
2kπ

Nj log q
i

with k ∈ Z and j ∈ S such that the order of κ divides Nj .
So when the order of κ divides no Nj at all then Z(s, f,κ) is holomorphic on C. Now

the Nj are not intrinsically associated to f−1{0}; but the order (as root of unity) of
any eigenvalue of monodromy of f divides some Nj , and those eigenvalues are intrinsic
invariants of f−1{0}. This observation inspired Denef [D3, Conjecture 4.4.2] to propose
the following, which he verified for the relative invariants f of a few prehomogeneous vector
spaces.
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7.2. Holomorphy Conjecture. If f is defined over a number field F ⊂ C, then for
almost all completions K of F we have the following : if the order of κ does not divide
the order of any eigenvalue of monodromy of f , then Z(s, f,κ) is holomorphic on C.

Of course one can state the same conjecture for Z0(s, f,κ) and the analogous conjecture
for the topological zeta function.

It is easy to verify that the conjecture is true for n = 1 and also when f−1{0} is
nonsingular (in these cases even for all completions K). We succeeded in proving the
conjecture in a number of cases which we will explain in this section.

7.3. Theorem. The holomorphy conjecture is true in general for curves (n = 2).

Elements in the proof. We use formula 5.5 for Igusa’s local zeta function where (X,h) is
the minimal embedded resolution of f−1{0}. Let kj denote the number of intersections of
an exceptional curve Ej with other Ei, i ∈ S. An important ingredient is the following.

Lemma. Let (X,h) be the minimal embedded resolution of f−1{0}. Fix an exceptional

curve Ej with kj > 3. Then e
2πi
Nj is an eigenvalue of the local monodromy of f at the

(singular) point h(Ej) of f
−1{0}.

We show this lemma using the resolution algorithm and the fact that the chain of curves
in (3.2) satisfies N0 < N1 < · · · < Nr. (It is important to remark that this last statement
and the lemma are false for arbitrary resolutions.)

Let now d denote the order of κ. When d satisfies the assumptions in the conjecture
we are able to conclude that (eventually) d|Ni only for exceptional curves Ei with ki = 2.
Moreover exploiting (2.2(i)) we can show that those Ei must all be disjoint. So finally

q2Z(s, f,κ) = cκ∅ +
∑

i∈S′

cκ{i}
q − 1

qνi+sNi − 1
,

where S′ indexes all exceptional curves Ei with d|Ni and ki = 2. Now Proposition 5.6
yields that Z(s, f,κ) must be constant. (We skipped here the difficulty that the resolution
(X,h) should be defined over K in formula 5.5 and Proposition 5.6.) �

7.4. Example. Let F = Q and f(x, y) = y5(y − x)2 + x9. Its resolution (X,h) is entirely
defined over Q with associated (dual) resolution graph and numerical data

.............
.................

.................................................................................................................................................................................................
................

.........• •

• • • • •

E0

E1

E2

E3E4E5 E6
i

Ni

0

1

1

7

2

9

3

9

4

18

5

26

6

45

where E0 is the strict transform of f−1{0} and E1, . . . , E6 are the exceptional curves. By
(5.11) the characteristic polynomials of monodromy are t − 1 and (t − 1)(t45 − 1); so its
eigenvalues have orders 1,3,5,9,15 and 45. In particular when the order of κ is 2,7,13,18
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or 26 we have that Z(s, f,κ) is constant on C (for almost all completions Qp of Q).
This example illustrates the fact that we really need Proposition 5.6 in our proof of the
holomorphy conjecture for curves, for there can exist exceptional curves Ei such that Ni

does not divide the order of any eigenvalue of monodromy.

(7.5) Part of the proof above can be restated as follows. Take n = 2 and let (X,h) be the
minimal embedded resolution of f−1{0}. Suppose that d does not divide the order of any
eigenvalue of monodromy of f . Then a maximal connected subset ∪i∈TEi of ∪i∈SEi with
respect to the property that d|Ni for all i ∈ T consists of just one exceptional curve Ei0 ,

furthermore satisfying χ(
◦
Ei0) = 0.

Using Proposition 5.6 we then obtained that such a ‘maximal subset’ Ei0 does not
contribute to Z(s, f,κ) in the sense that

cκ{i0}
q − 1

qνi0+sNi0 − 1
= 0 .

Now for n > 3 such a maximal subset ∪i∈TEi can be quite arbitrarily complicated and
there is certainly no restriction on |T |. We propose the following conjecture, which would
imply for instance the holomorphy conjecture for any f such that f−1{0} has only isolated
singularities.

7.6. Conjecture. Let (X,h) be an embedded resolution of f−1{0}, defined over K and
with tame good reduction mod P . Denote by d the order of κ. Suppose that d does not
divide the order of any eigenvalue of monodromy of f at 0. Let ∪i∈TEi ⊂ h−1{0} be a
maximal connected subset of ∪i∈SEi with respect to the property that d|Ni for all i ∈ T .
Then ∪i∈TEi does not contribute to Z(s, f,κ), i.e.

∑

∅6=I⊂T

cκI
∏

i∈I

q − 1

qνi+sNi − 1
= 0 ,

where the cκI are as in formula 5.5.

(7.7) Using the vanishing results of §3 (in prime characteristic) we have the following
confirmation. As in (5.4) we denote reduction mod P by (·)K̄ .

Theorem. Let (X,h), d, and ∪i∈TEi be as in Conjecture 7.6. If all Ni, i ∈ T, are mutually
different and all but eventually one (Ei)K̄ , i ∈ T, satisfy the affineness condition (3.6), then
we have for all ∅ 6= I ⊂ T that cκI = 0.

Sketch of the proof. First we have to remark that the character κ of R× induces a character
of the local fundamental group I, where we use the same notations as in the proofs of §3
(see [D4,(2.1)] for more details). Still denoting this new character by κ we have in fact
that we can replace the sheaf Lκ in formula 5.5 by the sheaf (Ψ0)κ of §3 [D4, Lemma
2.3.3].
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By Proposition 3.11 we have that χ(
◦
Ei) = 0 for all i ∈ T . Now since each Ei, i ∈ T, is

proper we have that χ(
◦
Ei) = χ((

◦
Ei)K̄). We apply Proposition 3.7 and the lemma in its

proof to the (Ei)K̄ , i ∈ T ; this yields that H
k
c ((

◦
EI)K̄ , (Ψ

0)κ) = 0 for all ∅ 6= I ⊂ T and all
k, so all cκI vanish. �

For the topological zeta function we have an analogous conjecture and theorem, which
is now an immediate consequence of the Propositions 3.11 and 3.7.

(7.8) We also mention the following more specific result, which is joint work with J. Denef.

Theorem. Let f ∈ F [x1, ..., xn−1] for some number field F . If the holomorphy conjecture
is true for f(x1, ..., xn−1) then it is true for f(x1, ..., xn−1) + xkn, where k > 3.

We will not sketch the proof here. One basic lemma states that a nontrivial eigenvalue
of monodromy of f with order r induces and eigenvalue of monodromy of f + xkn with
order lcm(r, k); it is proved by number theoretical methods. Another ingredient is a
generalization of a result of Igusa, which is important in its own right; we will present it
in (7.11) below. First we give some corollaries of the theorem.

7.9. Corollary. (i) Let f(x, y) ∈ F [x, y] for some number field F . The holomorphy
conjecture is true for f(x, y) + zk, where k > 3.

(ii) The holomorphy conjecture is true for diagonal forms, i.e. for f =
∑n

i=1 aix
mi
i

where all ai belong to some number field and all mi > 1.

Proof. (i) is immediate by Theorem 7.3; and (ii) follows from the fact that the holomorphy
conjecture is true for f =

∑r
i=1 aix

2
i , which is for example implied by formula 5.5 and

Proposition 5.6. �

7.10. Remark. Analyzing the essential properties of xkn, needed in the proof of the theorem
we can replace xkn in (7.8) by a more general function g(y) ∈ F [y1, . . . , ym], satisfying some
strong restrictions concerning its monodromy. We have for example the following cases :

(i) g(y) homogeneous of degree k > 3 such that 0 is its only critical point (or equivalently
such that {g = 0} is nonsingular in Pm−1);

(ii) g(y) such that 0 is its only critical value and 1 is its only eigenvalue of monodromy;
for instance g =

∑m
i=1 y

2
i with m even, and g =

∏m
i=1 yi.

7.11. Intermezzo. Let ψ be the standard additive character on K; thus ψ(z) =

e2πiTrK/Qp (z) for z ∈ K, where Tr denotes the trace. To f one associates the ‘exponential
sum’

E(z, f) =

∫

Rn

ψ(z · f(x))|dx|

for z ∈ K. This function is locally constant and bounded on K.
It is convenient to introduce here the notation A(s,κ) := qs+1 − 1 if κ is the trivial

character of R× and A(s,κ) := 1 otherwise.
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Proposition. For |z| big enough E(z, f) is a finite C-linear combination of functions of
the form

κ(ac(z))|z|λ(logq(z))
βe2πiTr(c·z)

with coefficients independent of z. Here c is a critical value of f , κ is a character of R×,
λ is a pole of A(s,κ)Z(s, f − c,κ), and β ∈ N satisfying β 6 (multiplicity of pole λ) −1.
Moreover all poles λ appear effectively in this linear combination.

Corollary. Let f(x) ∈ K[x], x = (x1, ..., xn) and g(y) ∈ K[y], y = (y1, ..., ym). All poles
of A(s,κ)Z(s, f(x)+ g(y),κ) are of the form s1 + s2, with s1 and s2 a pole of respectively
A(s,κ1)Z(s, f(x)− c,κ1) and A(s,κ2)Z(s, g(y) + c,κ2) for some κ1 · κ2 = κ and c ∈ K.
(In that case c is a critical value of f and −c is a critical value of g.)

The corollary follows immediately from the proposition by expanding both sides of the
obvious equality E(z, f(x) + g(y)) = E(z, f(x)) · E(z, g(y)). Before Igusa had shown the
proposition when 0 is the only critical value of f , in which case no exponentials occur in
the expansion of E(z, f).

(7.12) We end this section with the following recent confirmation of the holomorphy
conjecture for quite general homogeneous polynomials f . Remark that for such f we can
consider {f = 0} ⊂ Pn−1.

Theorem. Let F be a number field and f ∈ F [x1, . . . , xn] a homogeneous polynomial.

(i) If χ(Pn−1 \ {f = 0}) 6= 0 then the holomorphy conjecture is true for f .

(ii) When n = 3 the holomorphy conjecture is true for f .

Sketch of the proof. (i) We use the formula [DM, Proposition 2 and Theorem 7] for
Z(s, f,κ), similar to 5.5, but involving an embedded resolution of {f = 0} ⊂ Pn−1.
The point is that when the order of κ does not divide deg f , then Z(s, f,κ) = 0. Now
if χ(Pn−1 \ {f = 0}) 6= 0 we can prove that the assumption on the order of κ in the
conjecture precisely implies that it does not divide deg f .

(ii) We use the minimal embedded resolution of {f = 0} ⊂ P2 and the same ideas as in
the proof of Theorem 7.3. Moreover we need vanishing of certain cohomology groups in
order to prove vanishing of coefficients in the formula [DM, Theorem 7]. These arguments
involve the complex of nearby cycles and are somewhat similar to arguments in the proof
of Proposition 3.7.

(7.13) We proved the holomorphy conjecture for curves (Theorem 7.3) in [V5]. Theorem
7.7 is in [V7]; its motivating conjecture 7.6 however was not mentioned before. The more
specific results (7.8)–(7.11) appeared in [DV], and the proof of (7.12) is not yet published.
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8. Determination of all poles and a new formula for curves

(8.1) As mentioned in (5.12) the monodromy conjecture being true would eliminate ‘a lot
of’ candidate poles for Igusa’s local zeta function from the list which is produced by an
embedded resolution. Even then very little is known about the remaining candidate poles.
In this section we determine all poles in the case of curves.

So we take n = 2 and we fix a polynomial f ∈ F [x, y] for some number field F . Let
(X,h) be the minimal embedded resolution of f−1{0}. We denote by Ei, i ∈ S, the C–
irreducible components of h−1(f−1{0}). For simplicity we suppose that F is large enough
such that (X,h) is defined over F itself, i.e. all Ei and Ei ∩ Ej are defined over F .

(8.2) The (effective) poles of Igusa’s local zeta function are mainly invariants of the sin-
gularities of f−1{0}. Since for n = 2 these are isolated the most natural problem is to
determine the poles of Z0(s). Whenever we study Z0(s) in this section we will assume
for simplicity of notation that the origin is the only singular point of f−1{0}, and that it
belongs to all irreducible components of f−1{0}.

Remember from (0.7) and the example in (6.2) that an exceptional curve Ei intersecting
exactly one or two times other components Ej , j ∈ S, (and such that

νj

Nj
6= νi

Ni
for these

intersecting components) does not contribute to the residue of − νi

Ni
. We proved that in

fact no other cancellations occur.

8.3. Theorem. For almost all completions K of F we have the following.
(i) Z0(s, f) has at most one real pole of order 2. Moreover s0 is a real pole of order 2

if and only if there exist two intersecting components Ei and Ej with s0 = − νi

Ni
= − νj

Nj
,

and in that case s0 is the pole closest to the origin.
(ii) We have that s0 is a real pole of Z0(s, f) if and only if s0 = − νi

Ni
for some excep-

tional curve Ei intersecting at least three times other components or s0 = − 1
Ni

for some

irreducible component Ei of the strict transform of f−1{0}.

Sketch of the proof. (i) This is an immediate consequence of Theorem 4.3. Such a pole
occurs if and only if we have the case (2) or (4) in Theorem 4.3(i). Moreover when f is
reduced only case (2) is possible.

(ii) Clearly s0 can only be a pole if one of these conditions is satisfied (even if s0 has
order 2). Conversely let s0 = − νi

Ni
exactly for i ∈ I ⊂ T . Two possibilities occur.

(I) The Ei, i ∈ I, form the minimal partM of Theorem 4.3(i). IfM has the form (1)
or (3), respectively (2) or (4), then s0 is a pole of order 1, respectively 2. We prove this
assertion for case (1), the other cases being more or less trivial.

Say I = {0}; let E1, . . . , Ek intersect E0 and set as usual αi = νi−
ν0

N0
Ni for i = 1, . . . , k.

Up to a nonzero constant the residue R of s0 is

R = q + 1− k + (q − 1)
k

∑

i=1

1

qαi − 1
.
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To prove the theorem for almost all K it is enough to show that R cannot be identically
zero as a rational function in q (with rational powers). Now we have for example that
limq→0R = 1 (since all αi > 0).

(II) No Ei, i ∈ I, belongs toM. As above we can prove that the residue R of s0 is not
identically zero in q. More precisely if no Ei, i ∈ I, is a component of the strict transform
of f−1{0} then we can compute that limq→0

R
qβ

< 0 for a suitable β > 0. And if at least

one Ei, i ∈ I, is a component of the strict transform then we verified that limq→∞
R
q < 0.

For all this Lemma 4.5 is essential. �

(8.4) To study the topological zeta function we take more generally f ∈ C[x, y] and we
use the same notations as above.

Theorem. All conclusions of Theorem 8.3 are also true for the topological zeta function
Ztop,0(s, f).

We should stress that this assertion is really a different theorem and in some sense more
difficult to prove because we cannot use limit arguments. Assertion (i) is again immediate
by Theorem 4.3 and for case (I) of (ii) it is not difficult to verify that the residue of s0
is strictly positive. The essential ingredient in the proof of case (II) is the following :
the contribution of each Ei, i ∈ I, is strictly negative. We showed this by a well chosen
induction argument on the number of intersections of Ei with other components.

(8.5) It is not clear how to generalize Theorem 8.3 to the zeta function Z0(s, f,κ) with a
character κ. Only the first part (on the poles of order two) remains essentially true.

Proposition. Let d denote the order of the character κ. For almost all completions K of
F we have the following :

Z0(s, f,κ) has at most one real pole of order 2. Moreover s0 is a real pole of order
2 if and only if there exist two intersecting components Ei and Ej with d|Ni, d|Nj and
s0 = − νi

Ni
= − νj

Nj
; and in that case s0 is the pole closest to the origin.

For example an irreducible component Ei of the strict transform with d|Ni does not
always induce a pole for it can happen that d ∤ Nj for the Ej that intersect Ei.

(8.6) For the topological zeta function Z
(d)
top,0(s, f) the analog of Proposition 8.5 is still

true, but the following example contradicts an eventual generalization of Theorem 8.4.
Take f = xN1yN2(x − y)N3(x + y)N4 where 3N1 = N2 + N3 + N4, d|N1 and d ∤ Ni for
i = 2, 3, 4. Its unique exceptional curve has numerical data (4N1, 2), intersects the four

other components, but does not induce a pole of Z
(d)
top,0(s, f).

(8.7) For the general ‘global’ zeta function Z(s, f,κ) one easily sees that an arbitrary
number of poles of order two can occur (at most the number of singularities of f−1{0}).
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Proposition. Let d denote the order of the character κ. For almost all completions K of
F we have the following :
s0 is a real pole of order 2 of Z(s, f,κ) if and only if there exist two intersecting

components Ei and Ej with d|Ni, d|Nj and s0 = − νi

Ni
= − νj

Nj
.

(8.8) For the global topological zeta function Z
(d)
top(s, f) the analogue of Proposition 8.7 is

also trivially true but now the analogue of 8.3(ii) is already false for d = 1!
A concrete example with moreover f irreducible is

f = [y3(y2 − x2) + x6] · [y3(y2 − (x− 1)2) + (x− 1)6] ·
5
∏

i=1

(y − λi(x+ 1)) + yN

where N is big enough. It has three singular points : an ordinary 5fold singularity and
two times the germ of {y3(y2 − x2) + x6 = 0} at 0. They produce in their local resolution
each an exceptional curve which intersects at least three times other components and with
candidate pole − 2

5 ; now their contribution to the residue is respectively 16
15 and two times

− 8
15 , which add to zero.

8.9 Remark. The answer to the analogous question in (5.8) is negative for Z(s, f,κ) and
if κ is not trivial also for Z0(s, f,κ).

(8.10) To conclude this section we briefly describe a new formula for both Igusa’s local zeta
function and the topological zeta function for curves in terms of the so–called (relative)
log canonical model of (A2, f−1{0}). We will not explain this notion in detail; it fits into
Mori’s Minimal Model Program, see for example [KMM,Ko] for an introduction and other
references. Relevant to us is the following.

The log canonical model of (A2, f−1{0}) consists of a normal surface Xc and a proper
birational morphism hc : Xc → A2. We have in particular that (Xc, hc) is unique and that
every embedded resolution h : X → A2 of f−1{0} factors as

X
ϕ
−→ Xc

hc−→ A2.

Important here is that ϕ contracts exactly the exceptional curves which ‘do not contribute’
to the poles of our zeta functions. If moreoverX is theminimal embedded resolution then ϕ
contracts exactly all exceptional Ei which intersect exactly once or twice other components.
In fact those contractions induce singular points on Xc which are of Hirzebruch–Jung type.
The important ingredients in our formula are the contributions of those singularities; the
contribution of the nonsingular part of Xc is as before.

(8.11) Let Fi, i ∈ T , be the irreducible components of h−1
c (f−1{0}). Analogously as

in (1.5) we can define for any Fi its numerical data (Ni, νi), which are in fact the same as
the numerical data of its strict transform in any embedded resolution. Fix a singular point
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P of Xc; it is an easy fact that exactly one or two exceptional components Fi pass through
P . Say {P} = F ∩ F ′. Then the contribution of P to the topological zeta function is

m

(ν + sN)(ν′ + sN ′)

where m is an invariant of P ; more precisely the absolute value of the determinant of the
intersection matrix of its resolution. The contribution of P to Igusa’s local zeta function
is

(q − 1)2D

q2(qν+sN − 1)(qν′+sN ′ − 1)

where D is the determinant of a remarkable nonsymmetric ‘q–deformation’ of the same
intersection matrix. We should remark that in this case the variable s and the numerical
data of F and F ′ also occur in the expression for D. When only F passes through P we
have analogous contributions putting formally (N ′, ν′) = (0, 1) above.

We also showed that the contributions to the more general topological zeta function
(associated to f and d ∈ N) and Igusa’s local zeta function (associated to f and a character
κ of order d) are either zero or exactly the same as above. Moreover which of both occurs
is completely determined by the log canonical model; for example if only F passes through
P we have that the contribution of P is zero if and only if d ∤ N

m .

(8.12) To have an idea of what the determinant D looks like, we will give an example.
Therefore we first introduce some notations. The (minimal) resolution of P as surface
singularity consists of a chain of rational curves E1, . . . , Er. Say {P} = F0 ∩ Fr+1 and
denote the strict transform of Fi in the minimal embedded resolution space X by Ei.
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. . .

E0

E1

E2

Er+1

Er −→ •
P

F0

Fr+1

For i = 1, . . . , r let −κi denote the self–intersection number of Ei (on X) and set

for simplicity <i>:= νi + sNi and Ki :=
∑κi−1

ℓ=0 qℓ<i> = qκi<i>−1
q<i>−1 . (So Ki is a ‘q–

deformation’ of κi.) It is important to stress that all these numbers are entirely determined
by <0>:= ν0+sN0 and <r+1>:= νr+1+sNr+1 and the point P , thus by the log canonical
model.

When r = 1 one easily verifies that the contribution D of P to Igusa’s local zeta function
is just K1 (using (2.11)). When r = 2 the ‘natural’ descriptions for this contribution
involving K1 and K2 appear to be

K1 ·K2 − q
(κ1−1)<1>+(κ2−1)<2> = K1 ·K2 − q

<0>+<3>.

Already here there is no obvious symmetric deformation of

(

κ1 −1
−1 κ2

)

with one of these

expressions as determinant. When r = 8 the contribution D is the following determinant,
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from which the general pattern should be clear.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

K1 −q<3> q<2> − 1 0 0 0 0 0

−q<0> K2 −q<1> 0 0 0 0 0

0 −q<4> K3 −q<5> q<4> − 1 0 0 0

0 q<3> − 1 −q<2> K4 −q<3> 0 0 0

0 0 0 −q<6> K5 −q<7> q<6> − 1 0

0 0 0 q<5> − 1 −q<4> K6 −q<5> 0

0 0 0 0 0 −q<8> K7 −q<9>

0 0 0 0 0 q<7> − 1 −q<6> K8

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Once they are stated the proof of our claims for the topological zeta function is not difficult;
it uses the congruences between numerical data (2.2(i)) and also (2.11). For Igusa’s local
zeta function however the proof is far from obvious and requires also a couple of well chosen
induction arguments.

(8.13) We can reformulate for example the conclusions of Theorems 8.3 and 8.4 elegantly
in terms of the log canonical model. Let Fi, i ∈ T, denote the irreducible components of
h−1
c (f−1{0}) for which 0 ∈ hc(Fi). Then
s0 is a real pole of Z0(s, f), respectively a pole of Ztop,0(s, f) if and only if s0 = − νi

Ni
for

some i ∈ T . Moreover s0 is a pole of order 2 if and only if s0 = − νi

Ni
= − νj

Nj
for intersecting

Fi and Fj and in that case s0 is the pole closest to the origin.
In particular all candidate poles − νi

Ni
, i ∈ T, are in fact poles.

(8.14) The determination of the poles of Z(s, f) and Z0(s, f) is essentially in [V1] and [V2];
its generalization to Z(s, f,κ) and Z0(s, f,κ) is new and not yet published. Theorem 8.4
and all counterexamples on the topological zeta function are in [V8]. We prove the formulas
in terms of the log canonical model in [V9].
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1–22.
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